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ABSTRACT 
Graph neural networks (GNNs) have proven state-of-the-art performance in molecular property 
prediction tasks. However, a significant challenge with GNNs is the reliability of their predictions, 
particularly in critical domains where quantifying model confidence is essential. Therefore, as-
sessing uncertainty in GNN predictions is crucial to improving their robustness. Existing uncer-
tainty quantification methods, such as Deep ensembles and Monte Carlo Dropout, have been ap-
plied to GNNs with some success, but these methods are limited to approximate the full posterior 
distribution. In this work, we propose a novel approach for scalable uncertainty quantification in 
molecular property prediction using Stochastic Gradient Hamiltonian Monte Carlo (SGHMC). Ad-
ditionally, we utilize a cyclical learning rate to facilitate sampling from multiple posterior modes 
which improves posterior exploration within a single training round. Moreover, we compare the 
proposed methods with Monte Carlo Dropout and Deep ensembles, focusing on error analysis, 
calibration, and sharpness, considering both epistemic and aleatoric uncertainties. Our experi-
mental results demonstrate that the proposed parallel-SGHMC approach significantly outperforms 
Monte Carlo Dropout and Deep ensembles in terms of calibration and sharpness. Specifically, par-
allel-SGHMC reduces the sum of squared errors by 99.4% and 75%, respectively, when compared 
to Monte Carlo Dropout and Deep Ensembles. These findings suggest that parallel-SGHMC is a 
promising method for uncertainty quantification in GNN-based molecular property prediction. 
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INTRODUCTION 
Graph neural networks (GNNs) have demonstrated 

promising potential in accelerating the computational es-
timation of molecular properties [1-3]. However, their re-
liability remains a significant challenge, e.g., in safety-
critical applications where understanding model confi-
dence is crucial. Accurately assessing the uncertainty of 
GNN predictions is essential for enhancing their robust-
ness, particularly when predicting complex molecular be-
haviors.  

Uncertainty in machine learning can generally be 

divided into two types: aleatoric and epistemic uncer-
tainty [4]. Aleatoric uncertainty arises from inherent noise 
in the data generation process, such as experimental 
measurement errors or environmental variations, and is 
considered irreducible. In contrast, epistemic uncertainty 
stems from the lack of knowledge of a model, often due 
to limited data or an incomplete understanding of the 
process, and can be reduced through additional data col-
lection or improved model design. For instance, in mod-
eling complex chemical reactions, using a more advanced 
model architecture—such as incorporating reaction ki-
netics and thermodynamic principles—can reduce 
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epistemic uncertainty by capturing the process dynamics 
more accurately. Estimating both types of uncertainty is 
critical in domains like molecular property prediction, 
where errors can have substantial consequences. 

Two popular methods for jointly uncertainty quanti-
fication of machine learning models are Deep ensembles 
and Monte Carlo Dropout (MC-dropout). MC-dropout [5] 
applies dropout during both training and inference, gen-
erating multiple stochastic forward passes to approxi-
mate the posterior distribution of the model. Deep en-
sembles [6] involves training multiple independent mod-
els and averaging their predictions, with the variance 
among them reflecting the model uncertainty. Although 
both methods have been widely adopted for scalable un-
certainty estimation in molecular property prediction [7], 
they have some limitations. Deep ensembles primarily fo-
cus on the maximum a posteriori (MAP) estimate, ne-
glecting broader regions of the posterior distribution. 
Conversely, MC-dropout samples from a single mode, 
overlooking the possibility of multiple modes in the pos-
terior. 

We propose a novel approach using Stochastic Gra-
dient Hamiltonian Monte Carlo (SGHMC) [8] to quantify 
the uncertainty of GNNs for molecular property predic-
tion task. Specifically, we incorporate a cyclical learning 
rate, which combines the strengths of both sampling 
strategies and has been successfully utilized in medical 
imaging domain [9]. We benchmark the proposed 
SGHMC method against Deep ensembles and MC-drop-
out on molecular property prediction tasks. Specifically, 
we evaluate the models with three different metrics: Error 
analysis, calibration, and sharpness. 

METHODS 

Preliminary 
To quantify the uncertainty of GNNs in molecular 

property prediction tasks, the aim is to transform a single 
prediction (aleatoric uncertainty) and a deterministic 
weight (epistemic uncertainty) into a distribution, respec-
tively [10]. For aleatoric uncertainty, the mean-variance 
estimation is often considered as the most practical ap-
proach. The mean-variance approach is simply splitting 
the last layers of neural networks to predict both mean 
𝜇𝜇(𝑥𝑥)  and variance 𝜎𝜎2(𝑥𝑥)  of Gaussian distribution 
𝑁𝑁(𝑦𝑦;𝜇𝜇(𝑥𝑥),𝜎𝜎2(𝑥𝑥)) . Therefore, during the inference time, 
the test case 𝑦𝑦𝑖𝑖 = 𝜇𝜇(𝑥𝑥𝑖𝑖) + 𝜖𝜖(𝑥𝑥𝑖𝑖) where 𝜖𝜖~𝑁𝑁�0,𝜎𝜎2(𝑥𝑥𝑖𝑖)�. Ad-
ditionally, the corresponding objective function (Eq. 1) 
becomes minimizing the Gaussian negative log-likelihood 
(NLL) loss function: 

𝑁𝑁𝑁𝑁𝑁𝑁(𝑤𝑤) =  1
𝑁𝑁
∑ 1

2
� 1
𝜎𝜎𝑤𝑤2

(𝑥𝑥𝑖𝑖)�𝑦𝑦𝑖𝑖 − 𝜇𝜇𝑤𝑤(𝑥𝑥𝑖𝑖)�
2 + log�2𝜋𝜋𝜎𝜎𝑤𝑤2(𝑥𝑥𝑖𝑖)��𝑁𝑁

𝑖𝑖=1 (1) 

Moreover, the Bayesian approach is used to get the 
epistemic uncertainty, which essentially approximates 

the prior distribution 𝑝𝑝(𝑤𝑤|𝐷𝐷)  ∝ 𝑝𝑝(𝑤𝑤)𝑝𝑝(𝐷𝐷|𝑤𝑤) . Therefore, 
during the inference time on a test case: 𝑥𝑥𝑖𝑖 : 
         𝑝𝑝(𝑦𝑦𝑖𝑖|𝑥𝑥𝑖𝑖 ,𝐷𝐷) =  ∫ 𝑝𝑝(𝑤𝑤|𝐷𝐷)𝑝𝑝(𝑦𝑦𝑖𝑖|𝑥𝑥𝑖𝑖 ,𝑤𝑤)𝑤𝑤 𝑑𝑑𝑑𝑑                        
(2) 

However, in reality, the prior distribution and the in-
tegral are intractable. Therefore, they are commonly ap-
proximated with MC integration over samples 𝑤𝑤𝑖𝑖  drawn 
from an approximate posterior distribution 𝑞𝑞(𝑤𝑤): 

𝑝𝑝(𝑦𝑦𝑖𝑖|𝑥𝑥𝑖𝑖 ,𝐷𝐷) =  1
𝑀𝑀
∑ 𝑝𝑝(𝑦𝑦𝑖𝑖|𝑥𝑥𝑖𝑖 ,𝑤𝑤𝑗𝑗),𝑀𝑀
𝑗𝑗=1  𝑤𝑤𝑗𝑗~𝑞𝑞(𝑤𝑤)                (3) 

SGHMC 
The proposed SGHMC [9] algorithm samples from 

the posterior distribution based on the Hamiltonian equa-
tion of motion. The Hamiltonian function is given by:  

𝐻𝐻(𝑞𝑞, 𝑟𝑟) =  𝑈𝑈(𝑞𝑞) + 𝐾𝐾(𝑟𝑟)                                              (4) 

where an object moves on a potential energy surface 
𝑈𝑈(𝑞𝑞) with kinetic energy 𝐾𝐾(𝑟𝑟) where 𝑞𝑞 represents the po-
sitions and 𝑟𝑟 represents the momenta. Using the canoni-
cal distribution (probability of the states based on the en-
ergy), the joint probability distribution over positions and 
momenta can be defined as: 

𝑝𝑝(𝑞𝑞, 𝑟𝑟)  ∝ 𝑒𝑒−𝐻𝐻(𝑞𝑞,𝑟𝑟) = 𝑒𝑒−𝑈𝑈(𝑞𝑞) 𝑒𝑒−𝐾𝐾(𝑟𝑟)                              (5) 

When the potential energy 𝑈𝑈(𝑞𝑞) is expressed as the NLL 
of the model combined with a prior, the canonical distri-
bution with respect to 𝑈𝑈(𝑞𝑞) corresponds to posterior dis-
tribution of the model parameters 𝑤𝑤. Minimizing 𝑈𝑈(𝑤𝑤) is 
equivalent to finding the mode of the posterior distribu-
tion: 

𝑈𝑈(𝑤𝑤) =  − log[𝑝𝑝(𝑤𝑤|𝐷𝐷)] = 𝑁𝑁𝑁𝑁𝑁𝑁(𝑤𝑤) + 𝜆𝜆�|𝑤𝑤|�2              (6) 

The choice of distribution over momenta 𝑟𝑟 can be arbi-
trary. Here, we chose a quadratic form for the kinetic en-
ergy: 

𝐾𝐾(𝑟𝑟) =  1
2
𝑟𝑟𝑇𝑇𝑀𝑀−1𝑟𝑟                                                       (7) 

resulting in Gaussian distribution over 𝑟𝑟. The mass matrix 
𝑀𝑀 , typically set to the identity matrix for simplification 
[11].  

Therefore, the dynamics in the end are governed by 
equations: 

𝑑𝑑𝑑𝑑 = 𝑀𝑀−1𝑟𝑟 𝑑𝑑𝑑𝑑                                                           (8) 

𝑑𝑑𝑑𝑑 = −∇𝑈𝑈(𝑤𝑤) 𝑑𝑑𝑑𝑑                                                        (9) 

Additionally, to address the computational challenge of 
evaluating the full gradient ∇𝑈𝑈(𝑤𝑤)  in large datasets, 
SGHMC uses a noisy gradient estimate ∇𝑈𝑈�(𝑤𝑤) based on 
mini-batches. The introduced noise can be mitigated by 
a friction term A in the momentum update: 

𝑟𝑟𝑖𝑖 =  𝑟𝑟𝑖𝑖−1 − ∇𝑈𝑈�(𝑤𝑤𝑖𝑖+1)ℎ − 𝐴𝐴𝑟𝑟𝑖𝑖−1ℎ + √2𝐴𝐴ℎ𝑇𝑇𝑁𝑁(0, 𝐼𝐼)      (10) 



 

Gao et al. / LAPSE:2025.0370 Syst Control Trans 4:1360-1364 (2025) 1362  

This formulation is similar to SGD with momentum but in-
cludes an additional Gaussian noise term, controlled by 
temperature 𝑇𝑇. The temperature modulates the sensitiv-
ity of the posterior distribution to the potential en-
ergy: 𝑇𝑇 = 1 yields the standard Bayesian posterior, 𝑇𝑇 < 1 
(cold posterior) increases sensitivity to low-loss regions, 
while 𝑇𝑇 > 1 broadens exploration at potential cost of ac-
curacy.  

Evaluation metric 
The quality of uncertainty estimates in predictive 

models can be assessed using three key metrics: error 
analysis, calibration, and sharpness. For the metric error 
analysis, we utilize the root mean square error (RMSE) 
and the coefficient of determination (R2). Calibration 
methods assess how well predicted uncertainties align 
with observed errors.  Here, we utilize two metrics: NLL 
and sum of squared errors (SSE). Rather than only using 
the NLL as a loss function during training, it is also used 
as a quantitative measure to assess the quality of the 
predictive distribution after training. SSE measures the 
total squared error between the predicted quantiles and 
the observed empirical quantiles. If the SSE is small, it 
means that the predictions of the models are well-cali-
brated with respect to the observed data. Sharpness 
measures the informativeness of uncertainty estimates 
with root mean predicted variance (RMV) and coeffi-
cient of variation 𝐶𝐶𝑣𝑣. Specifically, RMV is denoted as:  

𝑅𝑅𝑅𝑅𝑅𝑅 = �1
𝑛𝑛
∑  𝜎𝜎𝚤𝚤2�𝑛𝑛
𝑖𝑖=1                                                    (11) 

where 𝜎𝜎𝚤𝚤2�  is predicted variance or uncertainty. A low RMV 
indicates the model on average predicts low uncertainty 
and thus low expected error. Additionally, 𝐶𝐶𝑣𝑣 is denoted 
as: 

 𝐶𝐶𝑣𝑣 =  
�1
𝑁𝑁
∑ (𝜎𝜎𝚤𝚤�−𝜎𝜎∗)𝑁𝑁
𝑖𝑖=1

𝜎𝜎∗
                                                    (12) 

where 𝜎𝜎𝚤𝚤�  is the predicted standard deviation (uncer-
tainty) of instance 𝑖𝑖 and  𝜎𝜎∗ is the mean predicted stand-
ard deviation. A high 𝐶𝐶𝑣𝑣 suggests significant dispersion 
(heteroscedasticity), indicating that uncertainty esti-
mates are highly dependent on the input. In contrast, a 
𝐶𝐶𝑣𝑣 of zero indicates constant (homoscedastic) uncer-
tainty, meaning the estimates are uninformative and do 
not vary with the input [10]. 

Experiment design 
The dataset used is the QM9 benchmark [12], con-

sisting of 132,481 small organic molecules (CHONF) with 
13 target properties, evaluated at the B3LYP/6-
31G(2df,p) level. An 80:10:10 train/validation/test split 
was applied, using heat capacity at 298.15 K as the target 
property. The Directed Message Passing Neural Network 
(D-MPNN) is used as a base model implemented in 
Chemprop [13], with a mean-variance output and 

heteroscedastic noise model. The models contain three 
message passing layers and two feed-forward layers, 
each with a hidden size of 300.  

All uncertainty methods were optimized using the 
Gaussian NLL loss function with a regularization parame-
ter of 𝜆𝜆 = 0.0001. The initial learning rate was set to 0.01, 
with an exponential decay (γ = 0.95) and a batch size of 
50. MC-Dropout models are trained for 216 epochs with 
the SGD optimizer and a dropout rate of 𝑝𝑝 = 0.1, and 24 
predictions are collected for the ensemble with different 
dropouts. Deep Ensemble models are trained for 650 
epochs with the SGD optimizer (momentum 𝑚𝑚 = 0.9), with 
three ensemble predictions from different models. Paral-
lel-SGHMC models are trained for 650 epochs with 
SGHMC (momentum 𝑚𝑚 = 0.9), with noise injected at 𝑇𝑇 = 
0.01 after 60% of training. Posterior samples were col-
lected every ten epochs after noise injection.  24 ensem-
ble predictions are collected from posterior samples. To 
explore multiple local modes of the posterior, we addi-
tionally propose Cyclical-SGHMC model. It uses four cy-
cles within a 650-epoch budget, with a reset learning rate 
of  0.00025 after the first cycle. Noise was injected with 
𝑇𝑇 = 0.01 after 60% of each cycle. Similarly, 24 ensemble 
predictions are collected from posterior samples. All sim-
ulations ran on a Windows server with a 3.5 GHz 24-core 
Intel(R) Xeon(R) W-2265 CPU, an NVIDIA GeForce RTX 
3090 GPU, and 64 GB of memory. 

Figure 1 provides a conceptual representation of 
various posterior sampling strategies employed during a 
single training process. The x-axis represents the model 
parameter space www, while the y-axis shows the pos-
terior probability distribution 𝑃𝑃(𝑤𝑤|𝐷𝐷)  given the data 𝐷𝐷 . 
The black curve represents the posterior distribution with 
multiple modes. Deep Ensembles typically sample from a 
single local mode within a training cycle, limiting their 
ability to explore the broader posterior distribution. In 
contrast, both MC-Dropout and parallel-SGHMC exhibit 
similar sampling behaviours, generating multiple samples 
from the local regions surrounding the current mode. No-
tably, cyclical-SGHMC offers a more robust exploration 
of the posterior by sampling from multiple regions across 
different modes, facilitated by its cyclical learning rate, 
which enables escape from local minima and exploration 
of diverse posterior landscapes.    

 
Figure 1. Conceptual representation of the different 
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posterior sampling strategies for one training process 
employed by Deep ensembles, MC-dropout, parallel-
SGHMC, and cyclical-SGHMC. 

RESULTS AND DISCUSSION 
 Table 1 presents the performance of four uncer-
tainty quantification models - parallel-SGHMC, cyclical-
SGHMC, MC-Dropout, and Deep ensemble - on key eval-
uation metrics, including error, calibration, and sharp-
ness.  

In terms of error analysis, SGHMC-based models 
demonstrate superior performance with respect to pre-
dictive error. Specifically, cyclical-SGHMC achieves the 
lowest RMSE (0.6156) and the highest R² (0.9773), indi-
cating that it provides the most accurate predictions. The 
potential reason is that cyclical-SGHMC samples a richer 
posterior, capturing parameter uncertainty more effec-
tively than methods like MC-Dropout.  

For the calibration category, parallel-SGHMC out-
performs the other models with the lowest SSE of 0.0003 
and the lowest NLL score of -0.4921. This indicates that 
its predicted uncertainties are highly aligned with the ac-
tual errors, suggesting that this model provides the most 
reliable uncertainty estimates. Cyclical-SGHMC, with an 
SSE of 0.0405 and an NLL of -0.3522, also performs well, 
although its uncertainty estimates are slightly less 
aligned with the observed errors compared to parallel-
SGHMC. By contrast, MC-Dropout and Deep ensemble 
exhibit poorer calibration performance. Their SSE values 
of 0.0500 and 0.0012, respectively, and their higher NLL 
values (0.4678 and 0.4357) suggest that these models 
tend to overestimate uncertainty. This misalignment be-
tween predicted uncertainties and actual errors could 
lead to less reliable uncertainty estimates in practice, 
making these models less desirable for applications 
where accurate uncertainty quantification is important.            

In terms of sharpness, parallel-SGHMC performs 
better than the other models, achieving the lowest RMV 
of 0.5137 and the highest CV of 2.0178. This suggests that 
its uncertainty intervals are narrow and focused, indicat-
ing high confidence in its predictions. Cyclical-SGHMC is 
the next best model with an RMV of 0.6393 and a CV of 
1.6555, providing moderately sharp uncertainty intervals, 

which reflect a balance between confidence and calibra-
tion. On the other hand, MC-Dropout and Deep ensemble 
exhibit significantly less sharp uncertainty estimates, 
with RMV values of 0.9167 and 0.7905, respectively. 
Their lower CV values (0.9897 for MC-Dropout and 1.0112 
for Deep Ensemble) further indicate that these models 
generate broader uncertainty intervals, reflecting lower 
confidence in their predictions. While broader intervals 
can be beneficial in risk-averse or highly uncertain envi-
ronments, they are less desirable in scenarios where tight 
confidence bounds are required. 
 In summary, the parallel-SGHMC model is recom-
mended for tasks requiring accurate predictions, well-
calibrated uncertainties, and narrow confidence inter-
vals. Cyclical-SGHMC provides a balanced alternative, 
while MC-Dropout and Deep ensemble may be more ap-
propriate for scenarios where broader, conservative un-
certainty estimates are desired.         

CONCLUSIONS 
We proposed a novel approach to perform scalable un-
certainty quantification for molecular property prediction 
with GNNs. Specifically, SGHMC with cyclical learning 
rate was researched for scalable uncertainty quantifica-
tion in molecular property prediction with the D-MPNN 
architecture with mean variance. A comparative study 
was performed among SGHMC, Deep Ensemble and MC-
dropout with the QM9 dataset with the heat capacity tar-
get property. Our results indicate that the proposed par-
allel-SGHMC approach outperforms MC-dropout and 
Deep ensembles in terms of calibration and sharpness. 
Specifically, parallel-SGHMC reduces the sum of squared 
errors (SSE) by 99.4% and 75%, respectively. These find-
ings suggest that parallel-SGHMC is particularly suited 
for applications requiring narrow confidence intervals, 
where high precision in uncertainty quantification is es-
sential, such as in safety-critical predictions or regulatory 
settings in pharmaceutical applications. While Deep en-
semble and MC-dropout may offer advantages in scenar-
ios where broader uncertainty bounds are required, such 
as in early-stage exploratory research. 

Table 1: Uncertainty quantification results from four different models. RMSE stands for the root mean square error, 
R2 for coefficient of determination, SSE for the sum of squared errors, NLL for the negative log likelihood, RMV for 
the root mean predicted variance, and CV for coefficient of variation. 

Models Error Calibration Sharpness 
RMSE↓ R2↑ SSE↓ NLL↓ RMV↓ CV↑ 

Parallel-SGHMC 0.6650 0.9735 0.0003 -0.4921 0.5137 2.0178 
Cyclical-SGHMC 0.6156 0.9773 0.0405 -0.3522 0.6393 1.6555 
MC-dropout 0.7227 0.9687 0.0500 0.4678 0.9167 0.9897 
Deep ensemble 0.7399 0.9672 0.0012 0.4357 0.7905 1.0112 
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