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ABSTRACT

This paper introduces the Updated Absolute Expected Value Solution, U-AEEV, a heuristic for solv-
ing multi-stage stochastic programming (MSSP) problems with type 2 endogenous uncertainty. U-
AEEV is an evolution of the Absolute Expected Value Solution, AEEV [1]. This paper aims to show
how U-AEEV overcomes the drawbacks of AEEV and performs better than AEEV. To demonstrate
the performance of U-AEEV, we solve 6 MSSP problems with type 2 endogenous uncertainty and
compare the solutions and computational resource requirements.
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1. INTRODUCTION

Multi-stage stochastic programming (MSSP) is a
common mathematical framework used to solve deci-
sion-making problems, such as planning and process de-
sign problems, under uncertainty often encountered in
the process industry [2-3]. In MSSP problems, the out-
comes of uncertain events materialize over a given time
horizon, and the realized outcomes distinguish given
scenarios, allowing the decision-maker to take corrective
action in distinguished scenarios. Taxonomically [4],
there are two categories of uncertainty in stochastic pro-
gramming: decision-independent, also known as exoge-
nous uncertainty, and decision-dependent, also known
as endogenous uncertainty. The endogenous uncertainty
can be further categorized into three sub-classes: type 1,
where the probability distribution is decision-dependent;
type 2, where the information structure is decision-de-
pendent; and type 3, where both probability distribution
and the information structure are decision-dependent. As
for type 2 endogenous uncertainty, which U-AEEV mainly
deals with, decisions affect the resolution of uncertainty,
i.e., information structure (the shape of a scenario tree)
is decision-dependent. The non-anticipativity constraints
(NACs) used to ensure the indistinguishability among
scenarios before knowing the outcomes of future events
cause significant complexities and computational intrac-
tability in solving real-life-sized problems. This challenge
has motivated researchers to develop various heuristic
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and decomposition-based solution approaches, such as
the sample average approximation algorithm [5], and
Benders decomposition [6], to obtain solutions.

A heuristic, Absolute Expected Value Solution
(AEEV), which our group developed [1], yields feasible
solutions to MSSP problems with type 2 endogenous un-
certainty. AEEV circumvents the computational intracta-
bility by decomposing scenarios of an original MSSP
problem into multiple deterministic sub-problems with
expected uncertain parameter values. In each period
from the initial to the end of the time horizon, AEEV iter-
ates to solve a sub-problem, fixes the here-and-now de-
cision variable values, judges uncertainty realization, up-
dates the expected uncertain parameter values based on
the realized uncertainty, solves deterministic recourse
sub-problems to determine corrective action, and fixes
wait-and-see decision variable values. A drawback of
AEEV is that it may fail to generate a feasible solution if
the original MSSP problem does not have complete re-
course. More precisely, the expected uncertain parame-
ter for a recourse sub-problem does not always ensure
feasible corrective action following uncertainty realiza-
tion; accordingly, the sub-problem may be infeasible if
the original MSSP problem lacks complete recourse.

In this paper, we introduce the Updated Absolute
Expected Value Solution (U-AEEV), which expands the
applicability of the AEEV to MSSP problems without com-
plete recourse by eliminating the potential infeasibility is-
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sues. The U-AEEV iteratively solves scenario-decom-
posed deterministic sub-problems using the outcomes of
each scenario instead of the expected values of the un-
certain parameters, evaluates the solutions to the sub-
problems in terms of infeasibility and quality, and selects
one. The U-AEEV yields tight feasible solutions without
significant growth in computational time.

2. THE FRAMEWORK OF MSSP WITH
TYPE 2 ENDOGENOUS UNCERTAINTY

MSSP problems with type 2 endogenous uncertainty
consider multiple scenarios and a discretized time hori-
zon, where scenarios gradually become distinguishable
over the time horizon. Equations (1)-(15) represent a
common formulation of MSSP with type 2 endogenous
uncertainty (this is an extended formulation from [1]).

min z
= Z Ds Z Gits(Vies Ois Do Xig,o Virs Wirs) M
S€s  ieTteT

subject to

g (Vi,tv Hi,sv bi,t,s: xi,t,S’ yi,t,S’ Wi,t,s) <0 (2)
Viej, VteT, VseS

h (Vi,t' Oi5:bips Xits Vies Wi,t.s) =0 (3)
Vied, VteT, VseS

biis=b; g VIiE€EJ, Vss €S (4)

Xp1s =X, VIET, Vs s'€S (5)

bldlltfs = bi,t,s < Zt,s,s' = H(bi,f.s)

6
Vi€ D(s,s'), VteT, Vs,s'€S (6)
Wld;fs =Wits & Zt,s,s’ = H(Wi,t,s) (7)
Vi€ D(s,s'), VteT, Vs,s'€S
Zt,s,s’ = H(bic.lé,fs' Wldéfs 8)
Vi e D(s,s'), VteT, Vs,s'€S
Zt,s,s’
bitsrs = Dypyrs |V IZess] 9)
Xit+1,s = Xitr1,s’
Viej, VteT|t<T—-1 Vss €S
Ztss’
g Z, o
[yi,t,s = yi,t,s’] VIZess] (10)
Vied, VteT, Vss' €S8
b;,s€{0,1} Vi€J, VteT, VsSES (11)
X 520 Vi€J, VtET, VS€ES (12)
Yits =0 Vi€J, VteT, VseS (13)
Wips=0 Vie], VteT, VseS (14)
Zt,s,s’ € {0;1} vVt € T, VS,S’ [S°) (15)

The formulation includes two types of decision var-
iables: here-and-now decision variables corresponding
to b;, ¢ (binary) and/or x;, (continuous or integer), and
wait-and-see decision variables corresponding to y; .
(continuous or integer), with the problem-specific index
i€el={12,..,1}, time index t e T ={1,2,...,T}, and sce-
nario index s € § = {1,2, ...,5}. Variable w; . ; notates non-
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decision variables that are entirely dependent on here-
and-now and wait-and-see decision variables. If a sce-
nario pair s and s’ becomes distinguishable due to uncer-
tainty realization at time t, here-and-now decision varia-
bles can take different values at t + 1 and after, as con-
ditional NACs (9) imply. In other words, here-and-now
decision variables must take the same values at t be-
cause the decisions are made before realization at t¢.
Since conditional NACs (9) do not ensure the scenario in-
distinguishability at t = 1, here-and-now decision varia-
bles need initial NACs by separate equations (4)-(5). In
contrast to here-and-now decision variables, wait-and-
see decision variables can take different values at t when
scenario realization occurs to determine the corrective
action after realization, as conditional NACs (10) imply.
Equation (10) includes initial NACs for wait-and-see de-
cision variables, i.e., wait-and-see decision variables can
omit separate equations for the initial NACs. The binary
variable Zoo in conditional NACs (9)-(10) is called the in-
dicator variable, which is 1if a scenario pair s and s’ is in-
distinguishable at the end of time ¢t and O otherwise. The
value of the indicator variable switches based on the val-
ues of particular binary decision variables or non-deci-
sion variables. We define the particular variables as dif-
ferentiator variables, bl and wiik, in (6) and (7), i.e., a
binary decision variable or a non-decision variable is a
differentiator variable if the indicator variable is bounded
using these variables. The differentiator variables switch
the value of the indicator variable through the expression
H(bE, wiik) in (8). D(s,s") in (6)-(8) is a differentiator
set, a set of i that has different outcomes in an uncertain
parameter pair 6;; and 6, . The objective function (1)
provides the optimum of expression z based on the prob-
ability, ps, of scenario s and the contribution of the sce-
nario, G;s(Vie, 0i6 bics Xits Vies Wies)- The two given pa-
rameters, V;, and 0, ;, are deterministic and uncertain pa-
rameters, respectively. Equations (2)-(3) express sce-
nario-specific inequality and equality constraints, such as
demand constraints, capacity constraints, and material
balances.

3. UPDATED ABSOLUTE EXPECTED
VALUE SOLUTION APPROACH (U-AEEV)

The U-AEEV, similar to AEEV, is a scenario-decom-
position approach to mitigating the computational intrac-
tability of an MSSP problem with type 2 endogenous un-
certainty. The U-AEEV solves deterministic sub-prob-
lems using each scenario outcome for the uncertain pa-
rameters and enumerates multiple 'decision candidates'
in a stage-wise (in the sense of MSSP) manner. It evalu-
ates the ‘decision candidates’ and adopts a feasible and
promising candidate for the current stage. After finding
the end of the stage by detecting uncertainty realization,
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U-AEEV stores the stage's decision variable values to en-
sure the indistinguishability of scenarios by fixing them
when it solves sub-problems in subsequent stages.

Figure 1is an example (a process network synthesis
problem [2]) to illustrate how U-AEEV works. Raw mate-
rials C and D are used to produce intermediate B through
new Process 1 and Process 2, and intermediate B is used
to produce product A through existing Process 3. The de-
cision maker can purchase B and must satisfy the de-
mand for product A by production or purchase while
maximizing the expected net present value.

Yield [-]: 0.6 0r 1.0

P 1 Purchase
C—s rocess
(New) Process 3
> . —>A (product)
Process 2 (Existing)
D=1 (New) Yield [-]: 0.7
Demand

Yield [-]: 0.7 0r 0.75

Figure 1. An example problem [2] to illustrate U-AEEV.

The here-and-now decisions of the example are the
installation and capacity of each process, as well as the
flow rates of raw materials and purchased intermediate
B. The wait-and-see decision is the purchase rate of
Product A. The source of endogenous uncertainty is the
yield of Process 1 and Process 2, which materializes by
installing and operating the process. The decision maker
determines here-and-now decisions, such as installation,
capacity, and flow rates, at the start of a time, waits until
the yield of processes becomes clear, and then deter-
mines the rate of A purchased. Table 1 lists scenarios and
the yield and probability of each scenario.

Table 1: Scenarios, yields, and probabilities of the exam-
ple problem in Figure 1.

Yield [-]
Scenario Probability
Process 1 Process 2

s1 0.6 0.7 0.4

s2 0.6 0.75 0.3

s3 1.0 0.7 0.2

s4 1.0 0.75 0.1
Expected 0.72 0.72 -

The U-AEEV starts by solving four deterministic
sub-problems with each scenario outcome and enumer-
ates the decision candidates suggested by each sce-
nario, as shown in Figure 2. In the case of this example,
Scenario 1 (s;) suggests Candidate 1, in which neither
Process 1 nor 2 is installed, Scenario 2 (s,) suggests in-
stalling Process 2 at Time 1 (t,) in Candidate 2, and Sce-
nario 3 (s3) and 4 (s,) suggest installing Process 1at Time
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1 (¢1) in Candidate 3. Note that the time horizon of the
example has three time periods.

Candidate 1 Candidate 2 Candidate 3
ty Process 2 Process 1
Time t,
L3
Suggested by
S1 S2 §3,5,

_— Here-and-now decisions

— Wait-and-see decisions

Figure 2. Decision candidates of the first stage (up to the
first realization)

Since U-AEEV solves deterministic sub-problems
stage-wise, decision candidates at this step refer to the
decisions of the first stage (up to the first realization). In
other words, the decision candidates of Candidate 1 are
the here-and-now and wait-and-see decisions from Time
1 (t1) to Time 3 (t3) because Candidate 1 sees no uncer-
tainty realization throughout the time horizon. Similarly,
the decision candidates of Candidate 2 and 3 are the
here-and-now decisions at Time 1 (¢;) because uncer-
tainty partially materializes by installing and operating
Process 2 or 1. For example, Scenarios 1and 3 or Scenar-
ios 2 and 4 become distinguishable through operating
Process 2 in Candidate 2.

The U-AEEV picks up candidates to be evaluated
based on the total probability of a candidate, p¢, in (16)
and weighted objective value, obj¢, in (17), where p; is the
probability of the scenario s, obj, is the objective value of
the sub-problem solved with the outcome of scenario s,
and S¢ is a set of scenarios that suggest candidate c.

pe = Z Ps (16)
SeS¢
_ ZSESC Ds Objs

obj¢
ZSGSC Ps

(17)

The U-AEEV only evaluates the candidates on the
Pareto front of the p-obj plane (Figure 3), i.e., the can-
didates with high probabilities and high objective values
(in a maximization problem) are evaluated. In a minimiza-
tion problem, the Pareto front is formed based on high
probabilities and low objective values. The selection us-
ing a Pareto front helps to reduce computational time by
focusing only on promising candidates. Since the exam-
ple is a maximization problem, Candidates 1 and 3 on the
Pareto front in Figure 3 are evaluated.
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Suggested by 53,5,

Test s4,55
@ 0 :
2 34 JCandidate 3 @ Candidate
S 77 | p*os3, Pareto
9 obj®:3.50
g 32 -
obj® ‘=
o
E 3.0 {suggested by s, Suggested by s,
S Candidate 2 Test 53,53,5,
3 5o /@p=03,0bj%:283  Candidate 1
=4 p':0.4,0bj':2.76 @)
T T T
0.30 0.35 0.40
Total probability of a candidate
pC

Figure 3. The total probability of a candidate (p€) and
weighted objective value (obj¢) plane for the evaluation
of decision candidates

The U-AEEV checks feasibility and compares the

expected objective values of candidates, ESEI , [objs], in
S| n

(18) on the Pareto front by testing each candidate with all
other scenario outcomes that did not suggest the candi-
date. In the example, the U-AEEV solves sub-problems
with Scenario 2 (s;), 3 (s3), and 4 (s,) outcomes for Can-
didate 1, and Scenario 1 (s;) and 2 (s,) outcomes for Can-
didate 3, and adopts the best candidate regarding the
expected objective value calculated with (18). S'"P is a
set of indistinguishable scenarios associated with the
sub-problems, i.e., Scenarios 1, 2, 3, and 4 in the exam-
ple, since none of the scenarios are distinguishable at the
first stage.

Z Ps Objs (18)

sesinD

[objs] =

E
sesinD

The candidate with the largest expected objective
value is adopted in a maximization problem, and the can-
didate with the smallest expected objective value is
adopted in a minimization problem. If a candidate turns
out to be infeasible when solving sub-problems due to a
lack of complete recourse, the U-AEEV excludes the can-
didate from the evaluation process. Then, it forms a new
Pareto front and evaluates candidates located on the up-
dated Pareto front. For example, the U-AEEV removes
Candidate 3 from the evaluation process and evaluates
Candidate 2, located on the updated Pareto front, if Can-
didate 3 is infeasible.

Finally, the U-AEEV finds the end of the stage, i.e.,
the time uncertainty realization occurs and distinguisha-
ble scenarios at the time, and stores the decision variable
values of the stage. The stored decision variable values
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are used to fix the decision variables of the stage to en-
sure scenario indistinguishability when the U-AEEV re-
peats the same procedure in the following stage. The U-
AEEV continues the procedure until the final stage, i.e.,
until no uncertainty realization is found.

Equations (19)-(27) are the formulation of sub-prob-
lems solved in U-AEEV.

min zUAREY = Git (Vi O by Xi.00 Vi Wi ) (19)
i€TtET

subject to

) (Vi,t: or, bi,thi,tvyi,thi,t) <0 Vie]l,

h (Vi,tv o, bi,thi,tvyi,thi,t) =0 Vie]J,

VteT (20)
VteT (21)

b, = bzttr'n
Xpp = X0 Vi€J, Vt€T|t< tPRendn (22)
Wic,itif — gtifstr,n

Yie =yie " Vi€, VteT|t< ¢PRendn (23)
b;, €{0,1} Vi€eJ, VteT (24)
X220 Vi€, VteT (25)
Yie=20 Viel, VteT (26)
w; ;20 VieJ, VteT (27)

Equations (19), (20), and (21) are the scenario-de-
composed objective function and scenario-specific con-
straints corresponding to (1), (2), and (3). The uncertain
parameter 6, . in (1), (2), and (3) is replaced with a sce-
nario outcome 6 in (19), (20), and (21), where n denotes
a sub-problem. Since the U-AEEV decomposes scenar-
ios, it does not include NACs and indicator variable Z,
in its formulation. Instead, Equation (22) fixes all here-
and-now decision variables and differentiator variables
at and until the end time of the previous stage, tPRendn,
to ensure scenario indistinguishability using stored vari-
ables b5™", x5, and wi™"" . Similarly, Equation (23)
fixes all wait-and-see decision variables using stored
variable y{y"™ until the previous time of the previous
stage's end time.

The U-AEEV never fails to generate a solution even
if a problem lacks complete recourse, as long as one of
the decision candidates assumes the extremist (most
pessimistic, optimistic, best, or worst) scenario. Also, it
may locate tighter feasible solutions and yield smaller op-
timality gaps compared to the AEEV because the U-AEEV
evaluates decision candidates suggested by all scenario
outcomes and selects a good one, whereas decisions are
offered only by the expected scenario outcomes (for ex-
ample, the expected yields of Process 1 and 2 shown in
Table 1is 0.72) in AEEV. On the other hand, the U-AEEV
may increase the computational time compared to the
AEEV because it solves sub-problems with all scenario
outcomes instead of solving sub-problems using only ex-
pected scenario outcomes. The U-AEEV offsets the in-
crease in computational time by solving sub-problems
stage-wise instead of AEEV’s time-wise approach.
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4. COMPUTATIONAL PERFORMANCE

We examine the U-AEEV performance using 6 pub-
lished MSSP problems with type 2 endogenous uncer-
tainty. Table 2 lists the problem name, programming type
(MILP or MINLP), the presence of complete recourse, the
MSSP instance size, and the relative termination toler-
ance in solving the instances. The instance sizes are
large, and the MSSP models cannot be solved to optimal-
ity within 48 hours. We implemented U-AEEV with Python
3.9.13, built optimization models using Pyomo 6.4.0, and
solved all instances with CPLEX 20.10 for MILP or BARON
17.4.1 for MINLP problems, employing 48 processors (In-
tel(R) Xeon(R) Gold 6248R) and 380 GB of RAM on a node
from Auburn University Easley Cluster. Table 3 compares
the computational performance of MSSP, U-AEEV, and
AEEV. The second column from the left represents the
optimality gaps reached at 48 hours for the MSSP mod-
els. The definition of the optimality gap, gapMSSP, is the
relative error between the feasible (upper/lower) and in-
feasible (lower/upper) bounds, FBMSS? and IBMSSP | as de-
fined in (28). The third and fourth columns from the left
are the relative error, gaph®', between the feasible
bounds obtained as the MSSP solution and our heuristics
(FBhew) as defined in (29) and (30) for minimization and
maximization problems, respectively. Negative gaps indi-
cate that the feasible bounds yielded by our heuristics
are better than those by the MSSP models. 'No sol." in the
AEEV column indicates that AEEV fails to generate a fea-
sible solution because of a lack of complete recourse.
The fifth and sixth columns from the left are the orders of
magnitude, MAG, in computational speed defined in (31),
where tMSSP gand theu gre the computational time of MSSP
and heuristic models, respectively. Equation (31) implies
the computational speed is 10, 100, 1,000, and 10,000
times faster if the orders of magnitude are 1, 2, 3, and 4,
respectively. Note that tMSSP s 48 hours in all instances.

|FBMSSP _ IBMSSPl

gapMSSP = FRMSSP 100 (28)
FBheu _ FBMSSP
heu _
gap el = WIOO (29)
FBMSSP _ FBheu
heu _
gap"®! = FBMSSP 100 (30)

tMSSP
MAG = 10g10 <thT>

The U-AEEV yielded feasible solutions for all prob-
lem instances. However, the gaps in U-AEEV are large
depending on the instance, as the gap of the demand-
side response scheme planning problem shows 12.3 %.
For this instance, we observed that only the candidate
suggested by the worst scenario successfully generated
a solution, while all other candidates failed due to the lack
of complete recourse. This result implies the decision
candidates suggested by scenario outcomes may not al-
ways include a good one. All failed candidates are infea-
sible in their corrective actions, which is caused by solv-
ing scenario-decomposed sub-problems without consid-
ering the information of other scenarios, unlike MSSP.
Utilizing outcomes of other scenarios when solving sub-
problems remains a topic for future work.

The gaps among comparable instances between U-
AEEV and AEEV are smaller by 5.7 % in U-AEEV on aver-
age. However, U-AEEV yielded larger gaps than AEEV for
some problems, as the gap of the offshore oilfield infra-
structure planning problem is 2.43 % for U-AEEV, while
1.78 % for AEEV. We observed that only one extreme de-
cision candidate was evaluated and selected in the eval-
uation process, which caused a larger gap in U-AEEV.
The problem has many combinations of decisions based
on three binary, one integer, and six continuous decision
variables. Accordingly, each scenario outcome generates
a different candidate. Since the probability of candidates
is equal and the problem is a maximization problem, only
one extreme candidate with the largest objective value
forms the Pareto front in the evaluation process and is
selected. This result implies the decision candidate sug-
gested by the extremist (most pessimistic, optimistic,
best, or worst) scenario is not always a better decision
than a moderate decision suggested by an expected sce-
nario outcome in AEEV. When an extreme candidate is
selected, i.e., when the number of candidates and the
number of scenarios suggesting candidates are the same
and only one candidate is evaluated on the Pareto front,
a moderate candidate suggested by the expected uncer-
tain parameter may result in a tighter optimality gap. In
other words, incorporating the idea of AEEV into U-AEEV

(31)

Table 2: MSSP problems with type 2 endogenous uncertainty to examine U-AEEV performance.

MSSP size Relative
Program- Complete o
Problem name . . . termination
mingtype recourse Variables Constraints
tolerance
Clinical trial planning [7] MILP Yes 556,033 1,806,849 0.01 %
Process network synthesis [2] MILP No 8,577 57,489 0.01 %
R&D project portfolio management [5] MILP Yes 20,097 298,881 0.01 %
Offshore ailfield infrastructure planning [3] MINLP Yes 31,154 66,178 0.1%
Vehicle routing [8] MILP No 20,711 59,778 0.01 %
Demand-side response scheme planning [6] MILP No 2,939,317 15,682,701 0.01 %
Shoji et al. / LAPSE:2025.0356 Syst Control Trans 4:1275-1280 (2025) 1279



Table 3: Computational performance of MSSP, U-AEEV, and AEEV.

Optimality = Gap from MSSP fea- Orders of magnitude in

Problem name gap [%] sible bound [%] computational speed [-]
MSSP U-AEEV AEEV U-AEEV AEEV
Clinical trial planning 4.86 -1.33 8.96 1.4 4.5
Process network synthesis 16.0 3.69 No sol. 2.9 -
R&D project portfolio management 6.29 -1.53 5.93 2.7 4.0
Offshore oilfield infrastructure planning 10.6 2.43 1.78 0.8 1.3
Vehicle routing 6.99 0.50 No sol. 3.7 -
Demand-side response scheme planning 27.3 12.3 No sol. 1.7 -
may be a promising idea for future work. REFERENCES

The computational speed of U-AEEV is 0.8 to 3.7 or-
ders faster than MSSP, while it is 1.6 orders slower than
AEEV. The difference in computational speed between U-
AEEV and AEEV mainly depends on the number of sce-
narios, stages, and time periods. The U-AEEV needs to
solve more sub-problems as the number of scenarios and
stages is larger because it tests each scenario outcome
stage-wise. On the other hand, the AEEV needs to solve
more sub-problems as the number of time periods is
larger because it solves sub-problems time-wise. For ex-
ample, the number of maximum stages of the clinical trial
planning problem (1024 scenarios and 12 time periods) is
10 in U-AEEV and 1 in AEEV, and U-AEEV solved 16789
sub-problems, while AEEV solved only 12 sub-problems.
Note that the number of stages is not constant in MSSP
problems with type 2 endogenous uncertainty because
the shape of a scenario tree is decision-dependent.

5. CONCLUSIONS AND FUTURE
DIRECTIONS

We introduced the Updated Absolute Expected
Value Solution, U-AEEV, a heuristic for solving MSSP
problems with type 2 endogenous uncertainty. We exam-
ined 6 MSSP problems involving Type 2 endogenous un-
certainty with U-AEEV. The results showed that the U-
AEEV generates a tight feasible solution even if the prob-
lem lacks complete recourse. The gap from the MSSP
feasible bound was smaller by 5.7 % for U-AEEV than
AEEV on average. The computational speed of U-AEEV is
0.8 to 3.7 orders faster than MSSP, while 1.6 orders
slower than AEEV. Future studies will focus on publishing
a Python package of U-AEEV. The package will automate
the procedure of U-AEEV following converting the MSSP
model into the U-AEEV sub-problem model utilizing input
information, such as the model, here-and-now and wait-
and-see decision variables, differentiator variables, un-
certain parameters, and NACs of the original MSSP prob-
lem.
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