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ABSTRACT 
Microfluidic mixing has gained popularity in the Pharmaceutical Industry due to its application in 
the field of Nano-based Drug Delivery Systems (DDS). The flow conditions in Microfluidic mixers 
enable very efficient mixing conditions, which are crucial for the production of Nanoparticles by 
Flash Nanoprecipitation (FNP), as it enables reproducible production of particles with low-size 
variability. Mixer geometry is one of the most determinant factors, as it largely determines the flow 
patterns and the degree of contact between the two mixing streams. In this paper, a shape opti-
mization methodology using Computational Fluid Dynamics (CFD) and Bayesian optimization is 
applied to the toroidal micromixer design, considering three different operating conditions. It con-
sists of first defining a geometry solution space and then using Multi-Objective Bayesian optimi-
zation to explore the different designs. Mixer performance is evaluated with CFD simulations and 
two objective functions are considered: mixing time and pressure drop. Approximations of the 
Pareto front for each case study are obtained and the analysis of the best geometries enabled to 
derive some general geometric features of optimal mixer designs. 
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INTRODUCTION 
Mixing and mass transfer are fundamental aspects 

of many chemical and biological processes. Microfluidic 
mixing has recently gained much traction as an advanta-
geous technology in the field of Nano-based Drug Deliv-
ery Systems in the Pharmaceutical Industry [1]. Several 
Drug products, such as peptides and nucleic acids, must 
rely on specialized nanostructures to protect the Active 
Drug Ingredient (API), and are therefore able to achieve 
the desired Drug Pharmacokinetic and Pharmacody-
namic properties [2]. These systems, usually Nanoparti-
cles, are synthesized by Flash Nanoprecipitation (FNP), 
which consists in the rapid dilution of a solution contain-
ing amphipatic molecules with an anti-solvent. This sud-
den change of solubility results in the rearrangement of 
the solute molecules and consequent formation of Nano-
particles [3]. 

The reduced channel size of Microfluidic mixers en-
tails a high mass-transfer area/ volume ratio, which ena-
bles the very fast mixing of the two solutions. This re-
duces the mass transfer resistance during the FNP 

process, allowing the formation of particles of controlled 
size and low polydispersity, both critical quality attributes 
(CQA) of these products. Consequently, Microfluidic mix-
ing is generally a more fit process to reproducibly comply 
with the tight quality demands of the product, when com-
pared with the traditional alternatives [4]. 

Conceptually, Microfluidic mixing is merely the pas-
sive mixing of two solutions. Process optimization is 
therefore limited to the tuning of two operating parame-
ters (Total Flow Rate (TFR) and Flow Rate Ratio (FRR) of 
the two inlet streams) and of the mixer's geometry. Opti-
mizing the flow rates for a given geometry can be done 
experimentally with general Quality by Design (QbD) pro-
cedures. In contrast, mixer geometry optimization pre-
sents some challenges. The limitless degrees of freedom 
in mixer design ensue a very large number of experiments 
to realistically cover the broad solution space. Further-
more, the experimental evaluation of each design is in it-
self a cumbersome and expensive task, as it would in-
volve the iterative design, fabrication and testing of each 
device. 

In this paper, we present a systematic approach for 
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the geometry optimization of the toroidal micromixer. The 
adopted methodology begins with the comprehensive 
parametrization of the mixer geometry solution space, 
using continuous and discrete geometric parameters 
with established bounds. Mixer performance evaluation 
is achieved through the simulation of the Villermaux-
Dushman reaction system [5-6] inside the mixer, using 
Computational Fluid Dynamics (CFD). Two metrics, pres-
sure drop and mixing time, are then considered in the 
multi-objective optimization problem. The solution space 
is subsequently navigated employing a Bayesian optimi-
zation framework, by iteratively selecting the solution 
point most likely to improve the Hypervolume indicator. 
Three case-studies are presented considering different 
operating conditions. 

METHODOLOGY 

Toroidal micromixer 
The toroidal micromixer [7] has become a widely 

used system for the synthesis of nanoparticles, with ap-
plications mainly in the development of drug delivery sys-
tems. As shown in Figure 1, it consists of a Y-mixer with 
additional toroidal mixing elements. The curved geome-
try of the mixer's channels prompts the formation of Dean 
flows, which effectively increases the area of contact be-
tween the two mixing fluids. As also depicted in Figure 1, 
the mixer's geometry can be described by the following 
parameters: channel width and height, number of toroids 
and their radii, neck angle and length, and Y-mixer entry 
angle. An additional parameter was considered regarding 
the smoothness of the geometry's corners ("Corner 
Length").  

Problem formulation 
This mixer shape optimization problem aims to max-

imize the mixing performance for three operating condi-
tions. The TFR value is 10 ml/min for all cases and the FRR 

values are 1, 2 and 4. The goal is to find the optimal mi-
cromixer design for each operating condition and inves-
tigate the differences between the obtained geometries. 
To achieve this, two objectives were considered: mini-
mizing pressure drop, with the goal of minimizing energy 
consumption but more importantly reducing the risk of 
device breakage; and minimizing mixing time, which is 
defined as the characteristic time constant of mixing de-
scribed as a process of exponential decay of system het-
erogeneity. Mixing time is used to describe the rate in 
which the solutions are homogenized, inferring mass-
transfer resistance. The mixing time can be estimated 
from the selectivity analysis of the Villermaux-Dushman 
competing reactions[5-6]. 

The evaluations of the two objective functions re-
quire the simulation of the system using CFD. This implies 
the automation of the non-trivial steps of geometry and 
mesh generation in the CFD simulation workflow. This 
was done using in-house Python™ code to describe the 
channel geometries as sets of hexahedral blocks, which 
were subsequently discretized, using the blockMesh 
utility of OpenFOAM®, to produce the system's mesh. 

The complex and expensive nature of the objective 
functions evaluation calls for the use of efficient optimi-
zation algorithms able to locate great performing geom-
etries with minimal number of function evaluations. This 
is achieved using a Bayesian optimization methodology, 
as illustrated in Figure 2. In this case, the first 30 system 
evaluation points were defined using SOBOL sampling. 
The subsequent 170 points were chosen in a sequential 
matter by fitting the previously attained data into a 
Gaussian Process and subsequently maximizing the Ex-
pected Hypervolume Improvement function (qEHVI 
method) [8], totaling 200 function evaluations. The opti-
mization loop was carried out using the Adaptive Experi-
mentation Platform package (Ax-platform) for Python™ 
[9]. 

 
Figure 1. Geometry of the toroidal micromixer and respective parametrization. 
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Figure 2. Illustration of the shape optimization loop. 

The geometric domain was defined using the afore-
mentioned geometry parametrization of the toroidal 
mixer and assigning bounds for each parameter, as pre-
sented in Table 1. Additional constraints were also imple-
mented in order to avoid the generation of invalid geom-
etries. 

Table 1. List of the geometry parameters and additional 
constraints. 

Parameter Value Range Units 
Entry Angle [ ] º 
Entry Neck Length [ ] µm 
Width [ ] µm 
Height [ ] µm 
Neck Angle [ ] º 
Neck Length [ ] µm 
Toroid Radius [ ] µm 
# Toroids [ ] - 
Corner Length [ ] µm 

Constraints 
 Width ≤ Toroid Radius 
 Width ≤ Neck Length 

 Corner Length + Width ≤ Neck Length 
 Corner Length + Width ≤ Entry Neck Length 

CFD simulation 
In order to evaluate mixer performance, CFD simu-

lations were carried out for each mixer design, consider-
ing single-phase, incompressible steady-state flow. Con-
sidering the mentioned geometry space, the Reynolds 
number (𝑅𝑅𝑅𝑅) range is ≈ [476, 1666], which approaches 
the upper limit of laminar flow in internal flows. Moreover, 
the toroidal mixer’s geometry is conducive to flow sepa-
ration and the formation of eddies. A RANS modelling ap-
proach was therefore applied using the SST k-ω 

turbulence model, which is appropriate for lower-Reyn-
olds flows. For boundary conditions, fixed values for ve-
locity and all scalar fields (except pressure) were consid-
ered at the inlets. No backflow was allowed at the outlet, 
and no-slip conditions were considered at the walls. The 
remaining boundary conditions were modeled as zero 
gradient conditions. The Villermaux-Dushman reaction is 
modeled by considering both reactants and reaction 
products as passive scalars and including the reaction 
terms in the corresponding transport equations. The re-
action kinetics are taken from the literature [6]. 

 The simulations were carried out using Open-
FOAM® v2312 and post-processing was done in Python™ 
using the PyVista package [10]. 

Villermaux-Dushman Reaction and IEM model 
The Villermaux-Dushman competing reaction (Fig-

ure 3) consists of a quasi-instantaneous neutralization 
reaction (R1) and a fast redox reaction (R2) competing for 
hydrogen ions. The rate of R1 is highly dependent on the 
mass transfer process and, as such, some hydrogen ions 
are left to be consumed by the slower reaction (R2). As a 
result, the selectivity of the Villermaux-Dushman reaction 
is directly related to mass transfer resistance. 

The concept of mixing time (𝑡𝑡𝑚𝑚) arises from the In-
teraction by Exchange with the Mean (IEM) micromixing 
model, in which mixing time appears as a measure of 
mass transfer resistance. The model considers two sep-
arate volumes of fluid which exchange mass with each 
other. The mass transfer rate is proportional to the differ-
ence in concentration between each volume and the 
weighted average of both, as written in Equation 1: 

⎩
⎪
⎨

⎪
⎧

𝑑𝑑𝐶𝐶𝑘𝑘,1

𝑑𝑑𝑑𝑑
= 𝐶𝐶𝑘𝑘����−𝐶𝐶𝑘𝑘,1

𝑡𝑡𝑚𝑚
+ 𝑅𝑅𝑘𝑘,1

𝑑𝑑𝐶𝐶𝑘𝑘,2

𝑑𝑑𝑑𝑑
= 𝐶𝐶𝑘𝑘����−𝐶𝐶𝑘𝑘,2

𝑡𝑡𝑚𝑚
+ 𝑅𝑅𝑘𝑘,2

𝐶𝐶𝑘𝑘��� = 𝛼𝛼𝐶𝐶𝑘𝑘,1 − (1 − 𝛼𝛼)𝐶𝐶𝑘𝑘,2

   (1) 

where 𝐶𝐶𝑘𝑘,1, 𝐶𝐶𝑘𝑘,2, and 𝐶𝐶𝑘𝑘��� are the concentrations of species 
𝑘𝑘 in volume 1, volume 2, and the weighted average of 
both, respectively. 𝑅𝑅𝑘𝑘,1 and 𝑅𝑅𝑘𝑘,2 are the source/sink terms 
for each species k in volume 1 and 2. Lastly,  𝛼𝛼 and (1 −
𝛼𝛼) correspond to the fractions of volumes 1 and 2 with 
respect to the total volume. 

 A calibration curve between mixing time and con-
centration of the R2 reaction product (I2) in equilibrium 
can be obtained by solving the IEM model for a range of 
mixing time values. Since the relationship between both 
values is linear, a simple linear regression model can be 
used. This method is extensively used in literature to ex-
perimentally characterize the performance of micromix-
ers [5]. This methodology is implemented here to relate 
the CFD-simulated I2 concentration data, at the outlet, 
with a mixing time value.  
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Mesh Convergence 
The choice of an appropriate mesh is a crucial factor 

for building faithful CFD models. A grid convergence test 
was therefore carried out for each operating condition, 
considering the geometry of the commercially available 
NanoAssemblr™ Ignite™ cartridge. In Figure 4, both ob-
jective functions (∆P and tm) are plotted against the num-
ber of cells of the respective mesh. Unlike for pressure 
drop, mixing time convergence was not fully reached. 
The relation between mixing time and grid size (h) was 
also not monotonic, likely due to the highly non-linear re-
action terms of the Villermaux-Dushman system. 

Establishing an appropriate mesh size criteria for all 
the geometries generated by the optimization algorithm 
is a non trivial task. It must be robust enough to provide 
accurate simulations throughout the whole solution 
space, without producing any type of numerical bias to-
wards any kind of solutions. The criteria should also not 
be overly conservative to avoid the inefficient use of 
computational resources in prohibitively expensive 

meshes. In this case, the Kolmogorov turbulent length 
scale (η) was used as a reference to determine the ap-
propriate mesh size. From the mesh convergence test, a 
mesh size of 5.78 µm was chosen as good compromise 
between model accuracy and computational cost. This 
corresponded to a grid size 8.1 times larger than the tur-
bulent length scale. This factor was kept constant for the 
mesh generation throughout the optimization cycles. The 
turbulent length scale could be estimated prior to mesh 
generation using Equation 2 [11]:  

𝜂𝜂 ≈ 𝐷𝐷ℎ𝑅𝑅𝑅𝑅−3/4    (2) 

which considers the channel’s hydraulic diameter (𝐷𝐷ℎ), 
calculated with the geometry’s height and width values, 
and the Reynolds number (𝑅𝑅𝑅𝑅), estimated with the TFR. 

RESULTS AND DISCUSSION 
The optimization cycle for each value of FRR pro-

duces a set of geometry solutions and respective objec-
tive function values. These results are illustrated in Figure 

Quasi-instantaneous reaction (R) Fast reaction (R) 
HBO- + H+ → HBO IO- +  I- +  H+ →  I +  HO 

 
 

Figure 3. Representation of the CFD simulation of Villermaux-Dushman reaction system. Concentrations of the 
reactants and product of both reactions are presented in mol.dm-3, using volume rendering of the CFD data of one 
of the simulations.  

FRR = FRR = FRR = 

   

Figure 4. Results of the mesh convergence test. Plot of both objective functions (pressure drop in black and mixing 
time in green) as a function of the mesh number of cells. The vertical dotted line corresponds to the mesh 
parameter used in the optimization loop. 
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5, in which the values of the solution’s objective functions 
are compared to the NanoAssemblr™ Ignite™ geometry as 
a reference. Generally, this reference geometry per-
formed suboptimally when compared to the respective 
obtained approximation of the Pareto front, in particular 
for low values of FRR. The main shortcoming being the 
elevated values of pressure drop.  

In Figure 5, the knee fraction of each Pareto front is 
highlighted within a gray circle. The geometric parame-
ters of the nondominated points of these subsets are 
presented and compared with the benchmark geometry 
in Figure 6 for each case study. From these results, it is 
clear that there is some solution redundancy, as consid-
erably different mixers have similar performance values. 
This is not surprising, as many engineering problems pre-
sent the same problem. For this reason, it is difficult to 
pinpoint how and which geometric parameters are af-
fected by the change in FRR. The clearest exception is 
the "Entry Angle" parameter which is clearly minimized 

when FRR = 1 to reduce pressure drop. This is not the 
case with larger values of FRRs, where the lower flow rate 
stream is enveloped by the largest one at the inlet junc-
tion. This engulfment phenomenon contributes to faster 
mixing times and is likely enhanced with a wider angle of 
entry. 

Moreover, when comparing the best obtained ge-
ometries with the benchmark, the biggest differentiating 
factor is the increased "Height" of the channels. This has 
two main effects: first, the cross-sectional area of the 
channel is increased, reducing pressure drop; second, 
since the inlets meet laterally, the increase in channel 
height results in a larger contact area between the flows, 
promoting mixing. Other significant differences include 
the reduced number of toroids and the maximization of 
the "Neck Angle" (90º and 270º produce symmetrical ge-
ometries).  

Figure 7 illustrates the geometry of good solutions 
for each FRR value and the reference mixer. Values of the 

FRR =  FRR =  FRR =  

   

Figure 5. Scatter plot of each solution’s objective functions, for each considered FRR. The Pareto front 
approximation is plotted as black line. The knee fraction of the Pareto front is circled in gray. The point circled in 
black represents the simulated performance of the reference geometry. 

FRR = 1 

 

FRR = 2 

 

FRR = 4 

 

Figure 6. Geometric parameters of the nondominated solutions inside the knee fraction area, for each FRR. The 
reference geometry parameters are plotted in black. 
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respective objective function values are also presented. 
The methodology was able produce improved geome-
tries with a ≈75% reduction of pressure drop in the mixer 
and a ≈50% reduction in mixing time (except for FRR=4). 

 
Figure 7. Illustration of the reference geometry and 
selected solutions for each FRR, and respective objective 
function values. 

CONCLUSION AND PERSPECTIVES 
In this work, a shape optimization methodology, us-

ing Multi-Objective Bayezian Optimization, was pre-
sented and applied to the micromixer design problem. A 
set of improved geometries were presented and com-
pared to a commercially available reference geometry for 
three different operating conditions. The most significant 
geometrical features to mixing performance were identi-
fied by analysing the geometrical parameters of the best-
found solutions. 

The results indicate some discrepancies in the ideal 
geometry for each operating condition. Thus, future work 
will consider the formulation of a robust Bayesian optimi-
zation framework to optimize the micromixer geometry 
design for a given range of operating conditions. 
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