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ABSTRACT

With increasing emphasis on energy efficiency, more researchers are focusing on energy-efficient
flexible job shop scheduling problems. Mathematical programming is a commonly used optimiza-
tion method for such scheduling challenges, offering the advantages of achieving global optima
and serving as a foundation for other approaches. However, current mathematical programming
formulations face several challenges, including insufficient consideration of various forms of en-
ergy consumption and low efficiency, particularly in handling large-scale instances, which struggle
to converge. In this study, we propose a novel global sequence-based approach with high com-
putational efficiency. In this model, immediate precedence relationships are identified using con-
straints, enabling the precise determination of idle durations within any idle slots. The proposed
formulation achieves a significant reduction in energy consumption by up to 20% relative to other
formulations. Furthermore, it successfully reaches feasible solutions in challenging cases.
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INTRODUCTION

The job-shop scheduling problem (JSSP) has been
widely existing in various fields such as enterprise man-
agement [1,2], transportation [3] and aerospace [4,5]. As
the demands for small-volume and personalized prod-
ucts increases, enterprises orientate at improving the
flexibility of manufacturing processes by introducing
parallel machines, which is generally termed as the flex-
ible job-shop scheduling problem (FJSSP) [6]. In this
content, assignment of operations to a machine as well
as their sequence on the machine should be determined,
making it more challenging to solve than JSSP. The in-
herent flexibility of FJSSP provides potential for signifi-
cant economic or energy-efficient savings reflected in a
schedule solution with the best assignments and se-
quences. Many approaches have been developed to ad-
dress FJSSP, including exact algorithms [7-8], heuristics
[9], and metaheuristics [10-11]. Several excellent reviews
about the development, methodologies, and applications
of FJSSP have been provided in the literature [12-13].

The prior research on FJSSP primarily centered
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around the economic performance or makespan, ne-
glecting the simultaneous consideration of energy con-
sumption. As manufacturing has the predominant contri-
bution to annual industrial energy consumption, consti-
tuting the largest share at 76% among four major indus-
try sectors in 2022 [14], the optimal schedule without
consideration of energy consumption may lead to large
energy wastage. Various forms of energy consumption
have been identified, including standby, processing,
turn-on/off, and setup energy consumption [8,15]. Nota-
bly, it was observed that 65% of the total energy con-
sumption (TEC) in FJSSP is unrelated to actual pro-
cessing activities. Instead, this substantial portion of en-
ergy is expended during periods when processing units
are either idle or in standby mode [15]. The separation
between economic optimization and energy awareness
in production scheduling has significant implications.
Production schedules optimized solely for economic
goals may inadvertently result in unnecessarily high en-
ergy consumption. Consequently, there has been a
growing recognition of the importance of incorporating
energy considerations into FJSSP, especially due to net-
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zero strategies proposed by different countries.

Investigations have been conducted to propose op-
timization approaches for the energy-efficient FJSSP,
which can be broadly categorized into exact methods
and approximate methods. Among the exact methods,
mathematical programming approaches, such as mixed-
integer linear programming (MILP) formulations, are
commonly utilized [16]. The MILP formulations excel in
generating optimal solutions and serve as a foundation
in understanding the characteristics of scheduling prob-
lems [17]. Additionally, the development of MILP formu-
lations lays the groundwork for establishing decomposi-
tion approaches that are highly effective in handling the
complexities of energy-efficient FJSSP.

Researchers [17-22] developed MILP models for
energy-efficient FJSSP based on the time-grid represen-
tation. [18] and [19] discretized the time horizon into uni-
form time intervals and introduced binary variables to in-
dicate whether an operation starts processing at a given
time point. Unlike discrete-time representations, contin-
uous-time representations divide the time horizon into
events with unknown and variable durations. Zhang et al.
[20] proposed an event-based MILP model to minimize
the TEC, to establish comparison benchmarks for a
gene-expression programming approach and to explic-
itly analyse the problem’s features. Followingly, a more
efficient event-based unit- specific model was proposed
[21], incorporating auxiliary states to link adjacent oper-
ations within the same job and ensure their precedence
constraints. These aforementioned studies comprehen-
sively consider various forms of energy consumption, in-
cluding standby energy, switch off/on energy, direct (i.e.,
processing) energy and indirect energy. However, these
exhibit inefficiencies when applied to large-scale en-
ergy-efficient FJSSP systems. For example, they strug-
gle to find feasible solutions within hours for problems
involving more than 200 operations [20,21]. Further re-
search on MILP models with continuous-time represen-
tations can be found in [17,22,23].

In addition to time-grid representation, MILP formu-
lations can be developed based on the precedence rela-
tions between operations on machines. For example, [8]
and [24] proposed the local-sequence-based formula-
tion, where binary variables indicate whether an opera-
tion immediately precedes another on a machine. In con-
trast, the global-sequence-based formulation focuses
on global precedence relations, requiring fewer binary
variables, making it more efficient. This is because the
binary variable denoting the first or last operations on
machines are omitted. [25] presented a novel global se-
quence-based MILP formulation to optimize the minimi-
zation of makespan or TEC. However, they did not ac-
count for the selection between standby and switch off-
on modes for machines, which is crucial for reducing en-
ergy waste during machine idle times. More specifically,
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their MILP model fails to accurately estimate the specific
durations of each idle period on machines.

In this work, a global sequence-based MILP formu-
lation (MG) is proposed to minimize TEC, encompassing
direct, indirect and unload energy consumption. Its nov-
elty lies in the incorporation of constraints that identify
immediate precedence relations between operations
and the optimal duration of idle slot between them. Se-
lection between machine modes during idle slots is
achieved by introducing a new set of binary variables.
The proposed model is compared with MILP models
based on time-grid representations and precedence re-
lations as well as a decomposition approach.

PROBLEM DEFINITION

Fig. 1illustrates an energy-efficient FJSSP involving
a set of jobs k € K and machines j €]. A job k is pro-
cessed with a sequence of operations i € I,. Machines j
that can process operation i of job k are included in a set
Jii- The processing time for machine j performing opera-
tion i of job k is denoted by P,(TL-]-, and the cutting power is
P,fl-j. The objective is to minimize TEC, encompassing en-
ergy consumed by machines during processing opera-
tions (i.e., direct energy), idle periods (i.e., unload en-
ergy), and by auxiliary facilities (i.e., indirect energy).

Flexible job shop facility
Job K1 Machine Job K2

Energy consumption

Unload energy consumption
Idle Idle Idle

mo g | = e

122 %

I
] \ Processing ocessing ocessing
’ e 5 S/

Indirect energy consumption

Figure 1. A FJSSP considering energy consumption.

To save energy, a machine j can be temporarily
switched off or maintain standby after processing (see
Figure 2). Its switch off/on energy and unload power are
expressed by EP and PU, respectively.

Switch on
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Y
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\ Processing ¥

Processing|
|
Time

Figure 2. Energy consumption profile for a machine
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MATHEMATICAL FORMULATION

In the global sequence-based formulation (MG), we
define four-index binary variables to denote the global
precedence of two operations (e.g. i and i),

1 ifiin k precedes i’ in k' on one machine

Xpinlil = A
kik't {0 otherwise
Binary variables wy;; express the assignment of op-

erations on machines,

1 ifiinkis assigned on a machine j

Wgij = .
kij {0 otherwise

Any operation i of job k must be assigned on a ma-
chine ;.

et Wiij = 1 Vk,i € Iy (M

If operations i,i’ are processed on a machine, either
i precedes i’ or i’ precedes i. That is if variables wy;; = 1
and wy;; = 1, then exactly one of x;r; Or x4, Should
be equal to 1, indicating their precedence on j.

X'y’ F Xi'i'ki = Wiij T Wy j— 1 ViK' j € (Jig U
Jiihi€l,i' ey, (k<kDUu(k=k'ni<i) (2)

When two operations i in job k and i’ in job k' are
performed on different machines (e.g., wy; =1 and
wyr; =0), their corresponding variables x/;,; and
X'y Should be zero. The set i’ € I§; includes operations
i’ that can share the same machine with i of k.

Wierirj = Wij + X + Xpgeryr — 1 ViK', j € (Ji U
Jeihi€ L,i' € (e nIg) k<kuk=k'ni<id] (3)

Wij = Wiy + X + Xy — 1 ViK', € (Jig U
Jeohi€l,i'e (LynIg), [k<kuk=k'ni<i)] (4)

Continuous variable Ty; denotes the start time for
operation i of job k. An operation i € I, which is the suc-
cessor of the operation i’ € I, in the same job, should
start after the completion of operation i'.

Tt = Thr + ey, (Parj - W)

Vk,i'Elk,iElk,i=i'+1 (5)

We define binary variables z,;; and 0-1 continuous

variables y,;; to express the machine modes on j after
processing an operation i of job k.

2o = {1 if j is switched off after processing i in k
¥ 7 lo otherwise
o {1 if j remains standby after processing i in k
Ykii =10 otherwise

A machine j would remain standby or be switched
off after performing i (see eq. 6). It ensures that y,;; is 0
or 1 only even it is defined as 0-1 continuous variables.

Yrij © Zrij = Wrij Vk,i,j € Ji; (6)
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Continuous variables STy;; denote the duration of a
machine j keeping standby mode after processing i € I;.
STy;; equals the time interval between the finish of oper-
ation i and the start of its immediate precedence opera-
tion i’ € I+ on the identical machine j, as handled in Eq.
(7) and Eq. (8). Specifically, Eq. (7) handles that if a ma-
chine remains standby after performing operation i of
job k (i.e., zy;; = 0), the start time of any subsequent op-
eration i’ (i.e., x;x;r = 1) is expected to be later than the
finish time of i plus the standby duration.

E©
Tt 2 Ti + Xjeyyy (P;crij “Wyij + STiij + ﬁ : Zkij) -M-
A —xpieri) VK, (k#kE)YU(k=k'Nni<i'),i€],i'€
(L NI) 7)

The immediate successor i’ of operation i on the
same machine is identified by Eq. (8), where the number
of preceding operations of i’ should be one more that of
operation i. Here, the M indicates a big number, taking
the value of 10000 in this work. N** is the maximum
number of jobs that can be processed on j.

o

E
Tyt < Tia + Xjeyy (PkTij “Wiij + STwij + 25 - Zkij) +M-

U
Pj

[m?X(NJmM)] “(1 =) + M- (1= X ey Viij) + M -

Yin % i"es,, Xphitgely! =
(k""#=kHU(K" =Kk'ni"" #i")
Zk”Z iuell(c;i Xp'igi — 1 Vk, k’, (k *
(k" #k)U(k! =kni" D)
KYuk=k' ni<i)i€l,i € (L nl§) (8)

Standby energy consumption ES,; is calculated us-
ing Eq. (9), which is proportional to the duration of
standby time and the unload power of the machine j.
STy;; is enforced as zero if the machine does not remain
standby after processing i € I, as indicated in Eq. (10).

ESki = Y jey(SThij - P) vk,i €1, (9)

. Ep .
STy < [mm(M,Pﬁ)] * Viij Vk,i,j € Jyi (10)
J

Makespan should be larger than the finish time of
the last operation (LI,) in all jobs. And it is no less than
cumulative processing times of all operations in any job.

Tii + Zjep(Wiij - Prij) S MS  Vk,i€ (I, nLL) (1)
Yien, Zjene(Whij - Pegj) S MS Yk (12)

On any j, the accumulated time used to process op-
erations and keep standby should be no larger than MS.

EJ .
i Lieny; (Wkij - P + ST + 70 Zkij) <MSvj (13)
J

Constraint (14) is the objective function.
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TEC = Y3 X Y jey(Wiij - Paij - Prij) + B - MS +
Y Tien, ESwi + 2i ke Xjen (B - ziij) (14)

The start time of an operation i of job k should be
always after the minimum required time for all predeces-
sor operations in the same job.

Tki = Zi'<i,i'€lk {%lll’l(Pgllj)} Vk, i € lk (15)

Upper bounds are imposed on the positive variables
MS and Ty;, as specified by Eq. (16) and Eq. (17).

MS<M (16)
T <M vk, i (17)

Moreover, if an operation cannot be performed on a
machine j (i.e., j € Jx:), its corresponding binary variables
(e.9., wkij, ¥rij and z;;) should be set to zero.

Wiij = 0,Vkij = 0,2, =0 Vi, i,j € Jii (18)

Precedence between operations of the same job
can be confirmed on the same machine. And variables
xrix'y are fixed to zero if i’ cannot share any machine
withi (i.e., i’ ¢ IS;)

Xi'ki = 0 Vi € Ik,i’ € Ik,i <i (19)

Xkik'i! = 0 Vk,l € lk ,k’,l" € lk’,i’ E ll?l (20)

Finally, equations (21-23) list all the continuous and
binary variables in model MG. We complete the mathe-
matical model MG consisting of constraints (1-23).

ESyi, STyijy MS, Ty 2 0 1)
0<ynj <1 (22)
Zyij Xrik'i'» Wij € £0,1} (23)

COMPUTATIONAL STUDIES

Table 1: Problem size of benchmark examples.

Problem size (K * I * J) Example (Ex)

2%4*2 1-5
2*6*3 6-10
3*6*2 11-15
3*9*3 16-20
6*36*6 21
10*100*10 22,39-43
10*50%*5 24-28
15*75%5 29-33
20*100*5 34-38
15*%150*10 44-48
20*200*10 49-54
30*300*10 55-58

We utilize the proposed MG to solve 58 benchmark
examples from the literature [20,21] to evaluate its com-
putational performance. These examples are sourced
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from the Hurink_DATA dataset [20], comprising 20 small-
scale and 38 industrial-scale examples. Their respective
problem sizes are listed in Table 1. MG is benchmarked
against MILP-based model formulated using local se-
quence-based representations (ML) [24] and event-
based continuous-time representations (MU) [21]. Addi-
tionally, the solution quality of MG is compared with a
decomposition approach from Rakovitis et al. [21]. All
examples are solved using CPLEX22.1.0/GAMS40.3.0 on
a desktop computer with AMD RyzenTM 9 5950X 3.40
GHz and 96.0 GB RAM running Windows 10. A time limit
of one hour is imposed for all MILP formulations.

Comparison with mathematical programming
models

Comparisons between MG and MILP model from lit-
erature for the small-size examples are provided in Table
2. All formulations generate identical optimal solutions,
which represent the global optimum, with similar compu-
tational times of approximately 1 second.

Table 2: TEC computational results for small-size exam-
ples from MG, MU and ML.

Ex MG, MU, ML Ex MG, MU, ML
1 63.03 11 166.23
2 122.44 12 176.75
3 75.74 13 121.30
4 146.63 14 156.86
5 78.40 15 163.20
6 220.74 16 219.46
7 97.54 17 306.68
8 146.81 18 210.60
9 230.66 19 269.52
10 161.06 20 274.94

Table 3: TEC computational time for industrial-size ex-
amples from MG, MU and ML

Ex MG MU ML  Ex MG MU ML

21 183 183 183 40 3327 3705 3715
22 3473 3779 3393 41 3344 3618 3497
23 3639 3421 3862 42 3698 3731 3798
24 1776 1776 1776 43 3692 3659 4173
25 1769 1830 1800 44 5052 5091 NA
26 1530 1623 1603 45 4722 4612 NA
27 1647 1647 1691 46 5197 5225 NA
28 1463 1465 1495 47 5314 5467 NA
29 2584 2584 2626 48 5362 5291 NA
30 2404 2439 2378 49 6815 7582 NA
31 2486 2486 2568 50 7772 8823 NA
32 2638 2638 2696 51 7059 8826 NA
33 2522 2522 2522 52 7854 NA NA
34 3744 3353 3973 53 7075 NA NA
35 2996 3036 3277 54 14480 NA NA
36 3162 3195 3309 55 13930 NA NA
37 3473 3422 3595 56 19081 NA NA
38 3457 3441 NA 57 15674 NA NA
39 3781 3800 3713 58 21380 NA NA
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Table 3 presents the optimized TEC of industrial-
size examples from MILP formulations. If MG achieves
solutions that are no worse than those from MU and ML,
its TEC results are highlighted in bold. And ‘NA’ indicates
no available solutions are found. Table 3 proves that MG
outperforms both MU and ML in examples 25, 26, 28, 35,
36, 40-44, 46, 47, and 49-58. The maximum reduction
in TEC is 20% (7059 vs. 8826) in example 51, compared
to MU. Advantage of MG is mainly evident in complicated
examples. In detail, for cases with more than 200 opera-
tions (e.g., examples 49-58), both MU and ML fail to find
feasible solutions in most instances. However, MG suc-
cessfully provides feasible solutions for these cases.

Some examples converge within a computation
time of less than 1 hour. The specific computational times
for these examples are presented in Table 4, allowing for
a comparison of the computational efficiency of the MILP
formulations. Table 4 demonstrates that MG achieves
shorter computational time relative to MU and ML in
most cases (8 out of 9 examples). The most significant
reduction is observed in example 26, where MG requires
1/14 of the time (248 seconds vs. 3600 seconds) to
reach a better solution (1530 vs. 1623 and 1603).

Table 4: Computational times (Seconds) of industrial-
size examples from MG, MU and ML.

Ex MG MU ML Ex MG MU ML
24 5 97 325 32 362 3600 3600
26 248 3600 3600 33 218 1668 3326
28 209 3600 3600 35 3336 3600 3600
29 644 206 3600 36 1481 3600 3600
31 526 1136 3600

Comparison with a decomposition algorithm

A decomposition algorithm [21], denoted by GD, is
proposed to address industrial-scale problems. We com-
pare its performance with the proposed MG (see Table
5). Since the computational time for MG is currently lim-
ited to one hour, making it suitable for real-world appli-
cations in complex cases, our focus is primarily on com-
paring the solution quality between GD and MG. Table 5
demonstrates the clear superiority of MG for examples
with no more than 100 operations (i.e., examples 21-43),
achieving a maximum TEC reduction of 13.6% (2996 vs.
3467 in example 35). For examples with more than 300
operations, although MG is capable of finding feasible
solutions, it yields worse optimal solutions relative to GD.

CONCLUSIONS

In this work, we presented a mixed-integer linear
programming formulation for energy-efficient flexible job
shop scheduling problems. The objective was to mini-
mize total energy consumption, including energy used
during processing operations, idle durations, and
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auxiliary facilities. The formulation was developed based
on the global precedence relationships of operations on
machines. Since immediate precedence relationships
cannot be directly expressed using decision variables,
we incorporated novel constraints to identify them. This
enabled the precise estimation of idle durations between
adjacent operations on machines, which in turn deter-
mined the optimal machine modes. Computational stud-
ies showed the superiority of the proposed formulation.
Its advantages are reflected in reduction in total energy
consumption by up to 20%. It successfully provided fea-
sible solutions for all considered examples, including
those where existing mathematical formulations failed.

Table 5: TEC computational results of industrial-size ex-
amples from MG and GD.

Ex MG GD Ex MG GD

21 183 196 40 3327 3564
22 3473 3850 41 3344 3517
23 3639 4063 42 3698 3682
24 1776 1837 43 3692 3959
25 1769 1922 44 5052 5335
26 1530 1682 45 4722 4978
27 1647 1764 46 5197 5180
28 1463 1570 47 5314 4993
29 2584 2694 48 5362 5567
30 2404 2541 49 6815 7164
31 2486 2682 50 7772 7758
32 2638 2728 51 7059 6683
33 2522 2750 52 7854 7241
34 3744 3589 53 7075 7229
35 2996 3467 54 14480 8712
36 3162 3397 55 13930 9690
37 3473 3767 56 19081 9091
38 3457 3864 57 15674 8873
39 3781 3887 58 21380 10004
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