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State-space models
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Uncertainty quantification for a state-space model:
Assuming the initial states follow a multivariate normal distribution with zero mean and covariance , we have:
					Eq. (1)
Where:
A: State transition matrix 
B: Control input matrix.
​: Control input at time t.
 : Gaussian noise with covariance matrix 
Based on the equivalence between the maximum likelihood estimator (MLE) of the Linear Mapping Matrix in a Linear State Space Model and the DMD estimation proposed by Gu et. al., 2024 we can find the covariance matrix  for a state-space model.
First, with n being the number of observed time points, the log-likelihood function  is:
			Eq. (2)
Second, assuming the marginal distribution of the initial state  does not depend on A or B:
	 	Eq. (3)
								Eq. (4)
 						Eq. (5)
Taking the derivative of log-likelihood with respect to A we obtain the maximum likelihood estimator 
								Eq. (6)
						Eq. (7)
						Eq. (8)
							Eq. (9)

Taking the derivative of log-likelihood with respect to B we obtain the maximum likelihood estimator 
 								Eq. (10)
						Eq. (11)
						Eq. (12)
							Eq. (13)
[bookmark: _Hlk187784654]Taking the derivative of log-likelihood with respect to  we obtain the maximum likelihood estimator
						Eq. (14)
									Eq. (15)
[bookmark: _Hlk188314166]with :, the covariance matrix is:
			Eq. (16)

To study how uncertainty propagates through time, the posterior covariance for any  is calculated following  the law of total covariance and sampling Eq. (1): 
						Eq. (17)
					Eq. (18)
					Eq. (19)
[bookmark: _Hlk187784722]By iterating this over multiple time steps,
					Eq. (20)
The control input covariance   is calculated as a diagonal matrix containing the standard deviations of each component of the control input vector (corresponding to input values of training data) because they are assumed to be independent of the others.
[bookmark: _Hlk187784976]Lastly, the 95% confidence interval (CI) are calculated as:
							Eq. (21)
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Supplementary Figure 1. MPC performance study. Lactose flowrate disturbance rejection.  Results for controlled variable a. D50 and manipulated variables. b. BFR, c. LFR and d. AFR
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Supplementary Figure 2 MPC performance study. Avicel flowrate disturbance rejection. Results for controlled variable a. D50 and manipulated variables. b. BFR, c. LFR and d. AFR
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