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Abstract: Blasingame production decline is an effective method to obtain permeability and single-well
controlled reserves. The accurate Blasingame production decline curve needs an accurate wellbore
pressure approximate solution of the real-time domain. Therefore, the aim of this study is to present
a simple and accurate wellbore pressure approximate solution and Blasingame production decline
curves calculation method of a multi-stage fractured horizontal well (MFHW) with complex fractures.
A semi-analytical model of MFHWs in circle-closed reservoirs is presented. The wellbore pressure
and dimensionless pseudo-steady productivity index JDpss (1/bDpss) are verified with a numerical
solution. The comparison result reaches a good match. Wellbore pressure and Blasingame production
decline curves are used to analyze parameter sensitivity. Results show that when the crossflow from
matrix to natural fracture appears after the pseudo-state flow regime, the value of the inter-porosity
coefficient has an obvious influence on the pressure approximate solution of the pseudo-steady flow
regime in naturally fractured gas reservoirs. The effects of relevant parameters on wellbore pressure
and the Blasingame decline curve are also analyzed. The method of pseudo-steady productivity
index JDpss can applied to all well and reservoir models.

Keywords: multi-stage fractured horizontal well; Blasingame production decline; approximate
analytical solution; real-time solution; tight gas

1. Introduction

Due to depleting conventional gas reservoirs and increasing world energy demand,
it is urgent to produce unconventional resources. Low permeability and porosity are
a most obvious characteristic of unconventional hydrocarbon resources [1,2]. Since the
permeability of the tight formation is less than 0.1 mD, the development of tight gas
reservoirs will require horizontal well multi-stage hydraulic technology [3,4].

We expect to create longer and more hydraulic fractures by vertical well large-scale
fracturing. At the same time, since the minimum and maximum stress direction around the
wellbore is different, a multi-directional hydraulic fracture will be formed, which is called
a multi-wing fracture. Most scholars presented the multi-wing fractures semi-analytical
model with different seepage mechanisms and hydrocarbon reservoirs. Wellbore pressure
transient curves and productivity index curves are discussed [5–12]. However, their
research mainly focuses on wellbore pressure analysis and productivity index analysis of
pseudo-steady flowing regimes. There is no relevant research on the Blasingame production
decline model in previous works.
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Compared with vertical hydraulic fractured wells, horizontal well multi-stage hy-
draulic fracturing shows more advantages in enhancing the gas well rate. Therefore, a
multi-stage fractured horizontal well is the main measure of low permeability gas de-
velopment. However, in the past decades, some scholars have presented mathematical
models and wellbore pressure solutions of the MFHWs with infinite conductivity fracture
by the source function [13–15]. Later, Cinco-Ley [16] presented the method of coupling
the reservoirs model and hydraulic fracture model by discrete hydraulic fracture. It is
assumed that there is a pressure drop in the hydraulic fracture, which lays the foundation
for wellbore pressure calculation of a finite conductivity fractured well. Based on the
above research results, some scholars carried out wellbore pressure dynamic research of
the MFHWs with infinite and finite conductivity fractures [17–20]. However, their research
assumes that hydraulic fractures are symmetrical about the wellbore. A large number
of micro-seismic maps show that a complex fracture network is generated around the
wellbore due to the uneven distribution of in situ stress around the wellbore during hy-
draulic fracturing [21–24]. The conventional symmetrical fracture model cannot meet the
interpretation of field data. Therefore, some scholars presented semi-analytical models
of the MFHWs with a complex fracture style and arbitrary shape fracture by employing
the end-point flux conservation and star-delta transformation [25–31]. A horizontal well
with dumbbell-like fracture geometry was observed in gas fields through the micro-seismic
mapping technique. Xu [32] presented the production performance of the MFHWs with
the dendritic-like hydraulic fractures by the finite volume method. However, there is no
report about pressure transient analysis of the MFHWs with dumbbell-like fractures. Most
importantly, the Blasingame production decline model of the MFHWs with a dumbbell-like
fracture or bi-wing symmetrical fracture is reported rarely. Of course, although some
scholars have presented the Blasingame curves of the MFHWs, they only use the coefficient
of the pseudo-steady state approximate solution of a vertical (hydraulic fractured) well to
transform the material balance pseudo-time [23–36]. Therefore, there are many deficiencies
and defects in their research results. In order to conduct a more accurate evaluation of the
fracturing effect, some scholars have considered the influence of fracture stress sensitivity
and fracture skin [37,38].

In the last decades, the wellbore pressure solution of a vertical well during a pseudo-
state flowing regime in the real-time domain can be obtained by introducing the Dietz shape
factor. However, the calculation of the Dietz shape factor for the MFHWs is very difficult
and relies on a wellbore pressure approximate solution. Based on the pressure build-
up well test interpretation method, Matthews et al. [39] obtained the average formation
pressure curve vs. time at any position of a rectangular closed hydrocarbon reservoir. Based
on this method, Dietz [40] gives the shape factor of the pseudo-steady flowing regime
and the corresponding pseudo-steady start-time of vertical wells in different boundary
hydrocarbon reservoirs. Helmy [41] presented the calculation method of the shape factor
for constant pressure production and compared it with the Dietz shape factor. Haryanto [42]
obtained the shape factor of a fractured vertical well with finite conductivity by numerical
simulation and analyzed the relationship between the shape factor and conductivity. The
Dietz shape factor calculation method provides thinking to obtain the wellbore pressure
approximate solution during the pseudo-state flowing regime. In order to obtain the
Blasingame decline curve of a hydraulic fractured well accurately, some scholars presented
the wellbore pressure approximate solution of hydraulic fracture during a pseudo-state
flowing regime for circle and rectangle closed boundary reservoirs [32,43]. However, the
method of sPratikno and Xing is suitable for Blasingame curves of a vertical fractured well.

Based on the above literature, the goals of this paper are as follows: (1) establish the
mathematical model of MFHWs with a dumbbell-like conductivity fracture, obtain the semi-
analytical solution, and verify the wellbore pressure solution with the numerical model;
(2) verify the wellbore pressure approximate solution of the MFWHs with a dumbbell-like
conductivity fracture during the pseudo-state regime using the relationship between the
pressure and its derivative curve; (3) verify the wellbore pressure approximate solution



Processes 2024, 12, 1460 3 of 20

with a numerical model using the dimensionless pseudo-steady productivity index bDpss
(1/bDpss); (4) plot the wellbore pressure and Blasingame production decline curves of the
MFHWs with dumbbell-like conductivity fracture in log–log and analyze the influence of
some important parameters on typical curves; and (5) use the field data to verify the model
and method.

2. Physics Model

Due to the influence of in situ stress, the hydraulic fractures extend along different
directions during the multi-stage fracturing process. Microseismic maps confirm the
existence of this phenomenon. A physical model of a multi-stage fractured horizontal well
with a dumbbell-like conductivity fracture is shown in Figure 1. The assumptions are listed
as follows:

(1) The total stage number of fractures is M. The height of the fractures is assumed to be
equal to the formation thickness.

(2) The total fracture number of each cluster is MF.
(3) The length, permeability, and width of the i-th fracture wings are represented by LFi,

KFi, and wFi respectively.
(4) The angle between each fracture wing and horizontal well is represented by θFi.
(5) The gas flows into the horizontal wellbore mainly through the hydraulic fracture.
(6) The total rate of the MFHWs is denoted by qsc for a constant-production gas well.
(7) The top and bottom boundaries of gas reservoirs are considered as impermeable

boundaries.
(8) The gas flow meets Darcy’s law in formation and hydraulic fractures.
(9) The influence of the gravity and capillary effect is ignored and gas flow meets isother-

mal seepage.
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Figure 1. Physical model of a multi-stage fractured horizontal well.

3. Mathematical Model and Solution
3.1. Reservoirs Model

The source function is an important method to solve the wellbore pressure of the
MFHWs with an arbitrary shape hydraulic fracture [14,15]. For gas reservoirs, the pseudo-
pressure is usually used to linearize the equation. The definition of pseudo-pressure is
as follows.

ψ =

p∫
p0

2p
µZ

dp (1)
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According to the dimensionless variables definition (Table 1), the dimensionless verti-
cal linear source solution of the Laplace domain of the circle closed boundary is listed as
follows [15]:

sψD(rD, s) = q̃D

[
K0

(√
f (s)rD

)
+ D0 I0

(√
f (s)rD

)]
(2)

where f (s) = s
(

ω + (1−ω)λ
λ+(1−ω)s

)
; D0 =

K1

(
ReD

√
f (s)

)
I1

(
ReD

√
f (s)

) ; rD =
√
(xD − xwD)

2 + (yD − ywD)
2.

Table 1. Dimensionless variables definition.

Dimensionless Variables Definition Dimensionless Variables Definition

Dimensionless
pseudo-pressure ψD = Kfh

0.01273qscT (ψe − ψ) Dimensionless coordinate lD = l
Lref

(l = x, y, r)

Dimensionless time (length) tD = 3.6Kft
µe(ϕCte)f+m L2

ref

Dimensionless source point
coordinate xwD = xw

Lref
;ywD =

yw
Lref

Dimensionless outer
boundary radius ReD = Re

Lref

Dimensionless productivity
index JD = 0.01273T

Kfh
J

Dimensionless hydraulic
fracture wing length LFD = LF

Lref

Storage capacity ratio of
natural fracture system ω = ϕfCfte/(ϕfCte)f+m

Crossflow coefficient from
matrix to natural fracture λ =

αKm L2
ref

Kf
Dimensionless time (area) tAD = 3.6Kft

µe(ϕCte)f+m A

Each wing is seen as a hydraulic fracture segment. The uniform flux surface source
solution of the i-th fracture wing is obtained by integrating the vertical line source function
(Figure 2).
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According to the pressure drop superposition principle, the total pressure of the i-th
fracture wing is

ψDi(RD, s) =
M×MF

∑
i=1

LFDi∫
0

q̃Di

[
K0

(√
f (s)RD

)
+ D0 I0

(√
f (s)RD

)]
dα (3)

where: RD =
√
(xD − α sin θFi)

2 + (yD − ywDi − α cos θFi)
2.

3.2. Fracture Wing Model

The fluid flowing in the hydraulic fracture belongs to a one-dimensional flow. Cinco-
Ley [16] presented the flowing equation of the hydraulic fracture and analytical solution
with the Fredholm integral equation. The flowing equation and solution of the fracture
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discrete element are given by combining the boundary-element technique with the Laplace
transform [44,45]. The pressure drop equation of the fracture discrete element is presented
by the vertex mass balance [46,47]. Jia [48] presented pressure drop equations of fracture
discrete elements using the finite difference. The above methods can calculate the wellbore
pressure of the MFHW with the conductivity finite fracture. Zhou’s method is used to
calculate the wellbore pressure of the MFHW with the dumbbell-like conductivity finite
fracture in this paper.

The fracture flowing segment is taken as the research object (Figure 3) and the dimen-
sionless 2D flowing equation of the fracture segment of the local coordinate in the Laplace
domain can be written as follows [46]:

∂

∂x′D

(
∂ψFD
∂x′D

)
=

2πq̃D
CFD

(4)

∂ψFD
∂x′D

∣∣∣∣
x′D=x′inD

=
2π

CFD
qinD,i (5)
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Figure 3. Physical model of fracture flow segment (modified Zhou [47]).

The flow rate at any position of the fracture element can be expressed by the following
equation:

qD(x′) = qinD + q̃D
(
x′D − x′inD

)
(6)

According to the research of Cinco-Ley [16], Equation (4) can be written as the integra-
tion from x′inD to x′D towards x′inD.

dψFDi(x′D, s)
dx′D

−
dψFDi(x′inD, s)

dx′D
=

2π

CFD
q̃D

(
x′D − x′inD

)
(7)

Substituting Equation (5) into Equation (7), Equation (7) can be written as the integra-
tion from x′inD to x′outD towards xD.

ψout,FD − ψin,FD =
2π

CFD

x′outD∫
x′inD

[
q̃D

(
x′D − x′inD

)
+ qinD

]
dx′D (8)

3.3. Coupling of Hydraulic and Reservoirs

In order to calculate the wellbore pressure of the MFHW with dumbbell-like conduc-
tivity fracture, every hydraulic fracture wing is discretized into N segments and every
segment length is equal (Figure 4).
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Figure 4. Physical model of discrete hydraulic fracture.

As is shown in Figures 2 and 4, the end-point and mid-point coordinate of the local
coordinate x′-y′ system is

x′Dm×i,j = (j − 1)
LFDm×i

N
1 ≤ m ≤ M; 1 ≤ i ≤ MF; 1 ≤ j ≤ N + 1 (9)

x′mDm×i,j = (j − 0.5)
LFDm×i

N
1 ≤ m ≤ M; 1 ≤ i ≤ MF; 1 ≤ j ≤ N (10)

The end-point and mid-point coordinate of the x-y system is

xDm×i,j = x′Dm×i,j sin θm×i xmDm×i,j = x′mDm×i,j sin θm×i (11)

yDm×i,j = x′Dm×i,j cos θm×i ymDm×i,j = x′mDm×i,j cos θm×i (12)

The end-point and mid-point coordinate of the fracture segment is calculated by the
calculation program (Figure 5).
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Figure 5. Fracture discrete segment end-point and mid-point (MF = 6; M = 3, N = 5).

The fracture segment vertex near the wellbore is seen as the outflow according to
Equations (3) and (8). The following unknowns are listed following.

• Dimensionless outflow vertice pseudo-pressure of every fracture segment in the
Laplace domain, ψout,FDi, i = 1, 2, . . ., MF × M × N.

• Dimensionless surface fluxes of the Laplace domain, q̃Di, i = 1, 2, . . ., MF × M × N.
• Dimensionless inflow vertices flux of every fracture segment in the Laplace domain,

qinDi, i = 1, 2, . . ., MF × N × M + M.
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• Dimensionless wellbore pseudo-pressure of the Laplace domain, ψwD.

The pressure difference of every fracture wing segment from the outflow vertices to
the inflow vertices.

ψout,FDi − ψin,FDi =
2π

CFD

x′outDi∫
x′inDi

[
q̃Di

(
x′D − x′inDi

)
+ qinDi

]
dx′D i = 1, 2, . . . , MF × M × N (13)

The pressure difference of every hydraulic fracture wing segment from the outflow
vertices to the mid-point.

ψmFDi − ψin,FDi =
2π

CFD

x′mDi∫
x′inDi

[
q̃Di

(
x′D − x′inDi

)
+ qinDi

]
dx′D i = 1, 2, . . . , MF × M × N (14)

According to the pressure drop superposition principle, the total pressure of the i-th
hydraulic segment is

ψDi(RD, s) =
M×MF

∑
i=1

N

∑
j=1

x′Di,j+1∫
x′Di,j

q̃Di,j

[
K0

(√
f (s)RD

)
+ D0 I0

(√
f (s)RD

)]
dα (15)

For each vertex, the inflow must equate to the outflow. The following equation can
satisfy the mass balance:

qoutDi − qinDi = q̃Di
(
x′Di+1 − x′Di

)
i = 1, 2, . . . , MF × M × N (16)

In addition, the rate of the gas well is equal to the total rate of each hydraulic fracture
segment.

M×MF×N

∑
i=1

q̃Di =
1
s

(17)

Combining Equations (13)–(17), the 3 × MF × M × N + 1 order linear equation is
structured, and the wellbore pressure of the Laplace domain and dimensionless surface
fluxes of the Laplace domain are obtained. It is noted that pressure represents the wellbore
pressure when the calculation point is located at the wellbore.

When the skin factor and wellbore storage are considered, the wellbore pressure can
be written as follows [49]:

ψwD =
sψwfD + S

s + CDs2(sψwfD + S)
(18)

4. Wellbore Pressure Verification

The wellbore pressure of the real-time domain can be obtained by Stehfes [50] and
the numerical inversion algorithm. In order to verify the accuracy of the mathematical
model in this paper, this model can be verified with a numerical solution. The storativity
ratio ω is set as 1. Our model can be simplified as a homogeneous gas reservoir. The basic
parameters are as follows: the initial reservoir pressure is 35 MPa, the reservoir thickness is
10 m, the wellbore radius is 0.1 m, the total compressibility is 0.001 MPa−1, the reservoir
porosity is 0.1, the formation volume factor is 0.1, the gas reservoir temperature is 100 ◦C,
the hydraulic fracture half-length is 60 m, the hydraulic fracture conductivity is 5526 mD·m,
the reservoir permeability is 0.1 mD, the outer boundary radius is 7000 m, the length of
the horizontal well is 2000 m, the discrete fracture network resolution is set as 0.4, the
progression ration is 1.4 of the numerical solution. As is shown in Figure 6, the numerical
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and semi-analytical solutions of this paper reach a good match, which indicates that the
accuracy of this method is verified (Table 2).
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Figure 6. Wellbore pressure transient curve of this model.

Table 2. Flowing regime and curve characteristic.

Flowing Regime, Regime Name, and Pseudo-Pressure Derivative
Curve Characteristics Sketch Map

Stage 1

A bilinear flow regime perpendicular to every
hydraulic fracture wing and parallel to the fracture

wing. The pressure derivative curve is the 1/4-slope
straight line during this regime in the log–log plot.
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Table 2. Cont.

Flowing Regime, Regime Name, and Pseudo-Pressure Derivative
Curve Characteristics Sketch Map

Stage 6

The intermediate-time linear flow period. The
pressure wave has propagated to position away from

the fractured horizontal well. During this flowing
regime, formation fluid flows into the MFHW in the
linear flowing style. Therefore, the pseudo-pressure
derivative curve of this flow regime also shows an

obvious 1/2-slope straight line.
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Stage 8

The pseudo-steady flow regime. The pressure wave
has propagated to a circle closed boundary. The
pseudo-pressure derivative curve is a unit-slope

straight line.

It should be noted that the pseudo-pressure derivative curve characteristic is not
obvious by numerical solution calculation in the fracture interferences regime. The reason
is that the precision of the numerical solution is not satisfied. At the same time, the
computational efficiency of the numerical solution is obviously lower than that of the
semi-analytical solution, which shows the advantage of the semi-analytical solution.

5. Blasingame Production Decline and Verification
5.1. Blasingame Production Decline

According to the definition of Fetkovich rate decline curve, the definition of qDd and
tDd is.

tDd =
2π

bDpss
tAD (19)

qDd = qDbDpss (20)

The dimensionless rate integration function is

qDdi =
1

tADd

tDd∫
0

qDd(α)dα (21)

The dimensionless rate integration derivative function is

qDdid = qDdi − qDd (22)

It is noted that qD can be replaced by 1/ψwD approximately, but it is difficult to obtain
a wellbore pressure analytical solution of a pseudo-steady flow regime for the MFHWs with
a dumbbell-like conductivity fracture, which leads to the calculation of the coefficient bDpss
being very difficult. Relevant scholars have carried out relevant research on the calculation
of coefficients [51].

5.2. Model Verification by Productivity Index

The numerical model is presented to verify the dimensionless productivity index
of the MFHW with a finite dumbbell-like hydraulic fracture. An obvious drop in the
productivity index is apparent during the transient-steady-state flow regime, but we obtain
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a steady productivity index value in the boundary-dominant flow regime (Figure 7). The
productivity index of the boundary-dominant flow regime can be called the pseudo-steady
productivity index, JDpss. Compared with the numerical simulation, our method matches
the results of the numerical simulation for different conductivities. The relative error is less
than 1% (Table 3).
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Figure 7. Dimensionless productivity index of the MFHW with finite dumbbell-like hydraulic
fracture.

Table 3. Comparison of the results of the numerical solution and this paper.

CFD JDpss (Numerical Solution) JDpss (This Paper) Relative Error/%

0.1 0.3122 0.3127 0.16
1 0.3979 0.4006 0.67
5 0.4353 0.4342 0.25

10 0.4366 0.4379 0.30
100 0.4437 0.4427 0.23

6. Pressure Transient and Blasingame Production Decline Curve Analysis
6.1. Fracture Distribution

Seven fracture distribution models are shown in Table 4, and the corresponding
wellbore pressure curves, Blasingame curves, and pressure distribution are shown in
Figures 8–13.
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Figure 8. Wellbore pressure and Blasingame decline curves are affected by fracture wing angle.
(A) Wellbore pressure curves; (B) Blasingame decline curves.
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Table 4. Length and angle of fracture wing.

Case
Stage

M = 1 M = 2 M = 3

MF 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

Case 1
Length 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60

Angle 65 90 115 245 270 295 65 90 115 245 270 295 65 90 115 245 270 295

Length 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60
Case 2

Angle 45 90 135 225 270 315 45 90 135 225 270 315 45 90 135 225 270 315

Case 3
Length 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60

Angle 30 90 150 210 270 330 30 90 150 210 270 330 30 90 150 210 270 330

Length / 60 / / 60 / / 60 / / 60 / / 60 / / 60 /
Case 4

Angle / 90 / / 270 / / 90 / / 270 / / 90 / / 270 /

Case 5
Length 60 / 60 60 / 60 60 / 60 60 / 60 60 / 60 60 / 60

Angle 45 / 135 225 / 315 45 / 135 225 / 315 45 / 135 225 / 315

Length 30 120 30 30 120 30 30 120 30 30 120 30 30 120 30 30 120 30
Case 6

Angle 45 90 135 225 270 315 45 90 135 225 270 315 45 90 135 225 270 315

Case 7
Length 75 30 75 75 30 75 75 30 75 75 30 75 75 30 75 75 30 75

Angle 45 90 135 225 270 315 45 90 135 225 270 315 45 90 135 225 270 315

Processes 2024, 12, 1460 11 of 20 
 

 

  
(A) (B) 

Figure 8. Wellbore pressure and Blasingame decline curves are affected by fracture wing angle. 
(A) Wellbore pressure curves; (B) Blasingame decline curves. 

Table 4. Length and angle of fracture wing. 

Stage
Case 

M = 1 M = 2 M = 3 

MF 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 

Case 1 Length 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 
Angle 65 90 115 245 270 295 65 90 115 245 270 295 65 90 115 245 270 295 

Case 2 
Length 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 
Angle 45 90 135 225 270 315 45 90 135 225 270 315 45 90 135 225 270 315 

Case 3 
Length 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 
Angle 30 90 150 210 270 330 30 90 150 210 270 330 30 90 150 210 270 330 

Case 4 
Length / 60 / / 60 / / 60 / / 60 / / 60 / / 60 / 
Angle / 90 / / 270 / / 90 / / 270 / / 90 / / 270 / 

Case 5 
Length 60 / 60 60 / 60 60 / 60 60 / 60 60 / 60 60 / 60 
Angle 45 / 135 225 / 315 45 / 135 225 / 315 45 / 135 225 / 315 

Case 6 
Length 30 120 30 30 120 30 30 120 30 30 120 30 30 120 30 30 120 30 
Angle 45 90 135 225 270 315 45 90 135 225 270 315 45 90 135 225 270 315 

Case 7 
Length 75 30 75 75 30 75 75 30 75 75 30 75 75 30 75 75 30 75 
Angle 45 90 135 225 270 315 45 90 135 225 270 315 45 90 135 225 270 315 

 

   
Case 1 Case 2 Case 3 

Figure 9. Pressure distribution is affected by fracture wing angle (tD = 1 × 10−3). 

  
(A) (B) 

Figure 10. Wellbore pressure and Blasingame decline curves are affected by fracture wing number. 
(A) Wellbore pressure curve; (B) Blasingame decline curve. 

10-5 10-4 10-3 10-2 10-1 100 101 102 103 104 105 106
10-3

10-2

10-1

100

101

102

tD

ψ
w

D
&

ψ
' w

D
·t D

  Case 1
  Case 2
  Case 3

10-9 10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-1 100 101 102
10-2

10-1

100

101

102

103

q D
di

&
q D

di
d

tDd

  Case 1
  Case 2
  Case 3

bDpss=2.408
          2.351
          2.326

10-5 10-4 10-3 10-2 10-1 100 101 102 103 104 105 106
10-3

10-2

10-1

100

101

102

tD

ψ
w

D
&

ψ
' w

D
·t D

  MF=2
  MF=4
  MF=6

10-9 10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-1 100 101 102
10-2

10-1

100

101

102

103

q D
di

&
q D

di
d

tDd

  MF=2
  MF=4
  MF=6

bDpss=2.505
          2.404
          2.316

Figure 9. Pressure distribution is affected by fracture wing angle (tD = 1 × 10−3).
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Figure 10. Wellbore pressure and Blasingame decline curves are affected by fracture wing number.
(A) Wellbore pressure curve; (B) Blasingame decline curve.

Figure 8 shows that the wellbore pressure and Blasingame decline curves are affected
by the fracture wing angle. The angle between the fracture wing has an obvious influence on
the wellbore pressure and Blasingame decline curves. The small fracture wing angle shows
a large pressure drop and stranger fracture interferences around the MFHW (Figure 9).
Therefore, the smaller the fracture wing angle, the higher the pressure and its derivative
curve before the early radial flow regime, and the earlier the pressure derivative curve
‘hump’ of the fracture interferences regime appears (Figures 8A and 9). A smaller fracture
wing angle leads to a smaller Blasingame integral curve and integral derivative curves
before the pseudo-steady flow regime (Figure 8B).
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Figure 11. Pressure distribution is affected by fracture wing number (tD = 1 × 10−2).
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Figure 12. Wellbore pressure and Blasingame decline curves are affected by fracture wing length.
(A) Wellbore pressure curve; (B) Blasingame decline curve.
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Figure 13. Pressure distribution is affected by fracture wing length (tD = 1 × 10−2).

Figure 11 shows that the wellbore pressure and Blasingame decline curves are affected
by the fracture wing number. A lower fracture wing number shows a large pressure drop.
However, since the fracture wing is equal to 90 degrees (Case 5 and Case 1 of Figure 10), the
‘hump’ of the fracture interferences regime is the same for Case 5 and Case 1 of Figure 11.
Of course, there is no fracture wing interference when the fracture wing is set to 2 (Case
4), so the ‘hump’ of the derivative curve disappears (Figure 11). Therefore, the smaller the
fracture wing number, the higher the pressure and its derivative curve before the early
radial flow regime (Figure 10A). Therefore, a smaller fracture wing number leads to a
smaller Blasingame integral curve and integral derivative curves before the pseudo-steady
flow regime (Figure 10B).

Figure 12 shows that the wellbore pressure and Blasingame decline curves are affected
by the fracture wing length. Compared with three different fracture wing length distri-
bution models, the pressure and its derivative curve are smallest when the fracture wing
length distribution is Case 1 (Figure 13). Compared with three different fracture wing
length distribution models, the duration of the early radial flow regime is the shortest when
the fracture wing length distribution is Case 1 (Figure 12A). Therefore, compared with
three different fracture wing length distribution models, the pressure approximate solution
of the pseudo-steady flow regime is smallest when fracture wing length distribution is
Case 1. Therefore, the Blasingame integral curve and integral derivative curves during the
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early linear flow regime are the smallest when fracture wing length distribution is Case 1
(Figure 12B).

6.2. Fracture Stages

Figure 14 shows that the wellbore pressure and Blasingame decline curves are affected
by the fracture cluster number. The fracture wing length degrees are shown in Case 1
of Table 4. The higher the fracture cluster number, the smaller the fracture cluster space.
Therefore, the higher fracture cluster number leads to a small pressure curve before the
radial flow regime and a shorter duration of the early radial flow regime (Figure 14A). A
higher fracture cluster number indicates that the pressure wave will propagate quickly to
the closed boundary. The pressure difference of the pseudo-steady flow regime is smaller.
Therefore, a higher fracture cluster number leads to a larger Blasingame integral curve and
integral derivative curves before the pseudo-steady flow regime (Figure 14B).
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Figure 14. Wellbore pressure and Blasingame decline curves are affected by fracture cluster number.
(A) Wellbore pressure curve; (B) Blasingame decline curve.

6.3. Fracture Conductivity

Figure 15 shows that the wellbore pressure and Blasingame decline curves are affected
by dimensionless conductivity. The fracture wing length degrees are shown in Case 1 of
Table 3. The larger the dimensionless conductivity, the smaller the pressure and derivative
curve of the bilinear and early linear flow regime (Figure 15A). A larger dimensionless
conductivity indicates that the pressure wave will propagate more quickly to the closed
boundary. The pressure difference of the pseudo-steady flow regime is smaller. Therefore,
a larger dimensionless conductivity leads to a larger Blasingame integral curve and integral
derivative curves before the radial flow regime (Figure 15B).
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6.4. Inter-Porosity Flow Coefficient and Storativity Ratio

Figure 16 shows that the wellbore pressure and Blasingame decline curves are affected
by the inter-porosity flow coefficient. The fracture wing length degrees are shown in
Case 1 of Table 3. The larger the inter-porosity flow coefficient, the earlier the ‘concave’
characteristic of the derivative curve appears (Figure 16A). When the crossflow from matrix
to natural fracture appears before the pseudo-state flow regime, the value of the inter-
porosity flow coefficient has little influence on the pressure approximate solution of the
pseudo-steady flow regime. When the crossflow from matrix to natural fracture appears
after the pseudo-state flow regime, the value of the inter-porosity flow coefficient has an
obvious influence on the pressure approximate solution of the pseudo-steady flow regime.
A smaller inter-porosity flow coefficient leads to a larger pressure approximate solution of
pseudo-steady flow regime, so a larger inter-porosity coefficient leads to an earlier ‘concave’
of Blasingame integral derivative curves during the crossflow regime (Figure 16B).
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Figure 16. Wellbore pressure and Blasingame decline curves are affected by the inter-porosity
coefficient. (A) Wellbore pressure curve; (B) Blasingame decline curve.

Figure 17 shows that the wellbore pressure and Blasingame decline curves are affected
by the storativity ratio. The fracture wing length degrees are shown in Case 1 of Table 3.
The larger the storativity ratio, the shallower the ‘concave’ characteristics of the pressure
derivative curve appear (Figure 17A). When the crossflow from matrix to natural fracture
appears before the pseudo-state flow regime, the value of the storativity ratio has little
influence on the pressure approximate solution of the pseudo-steady flow regime. A larger
storativity ratio leads to a shallower ‘concave’ and a larger value of the Blasingame integral
derivative curves during the crossflow regime (Figure 17B).
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Figure 17. Wellbore pressure and Blasingame decline curves are affected by the storativity-ratio.
(A) Wellbore pressure curve; (B) Blasingame decline curve.

7. Field Application

A field example is presented. The formation thickness is 56.9 m. The formation’s
average porosity is 5.2%. The wellbore radius is 0.114 m. The formation temperature is
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415.7 K. The initial pressure is 86.4 MPa, and the gas gravity is 0.6448. The length of the
horizontal well is 1564 m. The number is 24, the horizontal well perforation cluster is 8,
and there are 3 perforations in every cluster. The production data of the gas well are shown
in Figure 18. The well product was about two years and the conduct build-up test was
20 days.
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Figure 18. Natural gas hydrating well production data.

The well pressure of the pressure build-up well test can be written as

ψDb(∆tD) = ψwD
(
tpD

)
− ψwD

(
tpD + ∆tD

)
+ ψwD(∆tD) (23)

Based on pressure build-up well test analysis, a genetic algorithm is used to obtain
the formation and hydraulic fracture parameters. The formation average permeability
is 0.338 mD, the hydraulic fracture wing length is 44.158 m, and the hydraulic fracture
conductivity is 746.27 mD.m. The wellbore storage is 1.55038 m3/MPa and the skin is 0.001
(Figure 19).
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Figure 19. Gas well pressure build-up wellbore pressure transient fitting.

Based on the fitting result of the build-up well test analysis, the Blasingame production
decline curves with different outer boundary radii (4000 m, 7000 m, 10,000 m) are plotted.
The Blasingame production decline curve fitting result is best when the outer boundary
radius is 7000 m. Therefore, the controlled reserves of MFHWs can be calculated by the
Blasingame production decline curve fitting and the value is 4.55 × 108 m3 (Figure 20).
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Figure 20. Gas well Blasingame fitting.

8. Conclusions

On the basis of unsteady seepage and the source function approach, the MFHWs with
the dumbbell-like hydraulic fracture mathematical model are established. The wellbore
pressure is solved by the Laplace transform and pressure drop superposition. The main
conclusions are listed as follows:

1. A semi-analytical model of MFHWs with a dumbbell-like hydraulic fracture in circle
closed reservoirs is presented. The wellbore pressure transient is verified using a
numerical solution. The comparison result reaches a good match. When comparing
MFHWs with a bi-wing symmetrical fracture, there is an obvious ‘hump’ of the pres-
sure derivative curve between the bilinear and early linear flow regimes. Compared
with the numerical solution, the precision of the semi-analytical model is higher
during the early flow regime.

2. The wellbore pressure approximate solution of the pseudo-steady flow regime of
MFHWs with a dumbbell-like hydraulic fracture is obtained and verified. The relative
error of all comparison results is when the relative error is less than 1%.

3. The smaller fracture wing angle leads to the higher pressure and its derivative curve
before the early radial flow regime. The pressure derivative curve ‘hump’ of the
fracture interferences regime appears earlier. The smaller the fracture wing number,
the higher the pressure and its derivative curve before the early radial flow regime. A
higher fracture cluster number leads to a small pressure curve before the radial flow
regime and a shorter duration of the early radial flow regime.

4. A smaller fracture wing angle, smaller fracture wing number, smaller dimensionless
conductivity, and a smaller fracture cluster number lead to a smaller Blasingame
integral curve and integral derivative curves before the pseudo-steady flow regime.

5. When the crossflow from matrix to natural fracture appears after the pseudo-state
flow regime, the value of the inter-porosity coefficient has an obvious influence on the
pressure approximate solution of the pseudo-steady flow regime.

This study is based on the pressure and pressure derivative difference to obtain the
wellbore pressure asymptotic solution and coefficient bDpss. The goal of this study is to
study the circular closed boundary, and further research will be conducted on the wellbore
pressure asymptotic solution of the rectangular closed boundary during the boundary
control flow regime in the future. Although the results obtained by this method are
relatively accurate, the calculation is relatively inconvenient. Therefore, the analytical form
of the wellbore pressure asymptotic solution during the boundary control flow stage will
be directly derived in future research.
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Nomenclature

A Gas well control area, m2 The dimensionless pressure build-up time.
bDpss Wellbore pressure approximate solution coefficient The dimensionless production time
C Wellbore storage coefficient, MPa/m3 Re Circle closed boundary radius, m
J Productivity index, 104 m3/d/MPa s Laplace integration variables
CF Conductivity of the hydraulic fracture wing, D·m S Skin factor, dimensionless
Ct Total compressibility, MPa−1 T Temperature of shale gas reservoirs, K
I0(x) The first-kind zero-order modified Bessel function t Production time, hr
I1(x) The first-kind one-order modified Bessel function x, y Descartes coordinates, m
K Permeability, D xw, yw x, y, z-coordinates of the line source, m
K0(x) The second-kind zero-order modified Bessel function, Z Gas compression factor
K1(x) The second-kind one-order modified Bessel function θF Angle between hydraulic fracture wing and horizontal well, degree
LF Hydraulic fracture wing length, m αm Matrix shape factor, dimensionless
Lref Reference length, m ϕ Formation porosity, decimal
ψ Pseudo-pressure defined by Equation (1), MPa/(mPa·s) λ Inter-porosity coefficient, dimensionless
M The hydraulic fracture cluster number, integer µ Shale gas viscosity, cp.
ψwD,pss Wellbore pressure approximate solution during pseudo-state flowing regime ω Storativity ratio, dimensionless
N The hydraulic fracture wing discrete element number, integer Subscripts

MF The hydraulic fracture wing number of every hydraulic fracture cluster, integer
D Dimensionless
w Wellbore

p Reservoirs pressure, MPa E Initial state
m Matrix system

p0 Reference pressure, MPa f Natural fracture system
q̃ Continuous unite length source strength, m3/d in Inflow vertices of every segment
qsc Total production, 104 m3/d out Outflow vertices of every segment
r Radial distance in x-y plane, m F Hydraulic fracture
pwD(∆tD) The dimensionless wellbore pressure during build-up test Superscripts
pwD

(
tpD

)
The dimensionless wellbore pressure at the instant of falloff - Variables in the Laplace domain

pDb(∆tD) The dimensionless wellbore pressure build-up value from shut-in well time to ∆tD
pwD

(
tpD + ∆tD

)
The dimensionless wellbore pressure drop value from production starting-time to tpD + ∆tD
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