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Abstract: The diffusion behavior of polyurethane slurry in vertical cracks, especially rough cracks, is
not clear and needs to be studied to provide an effective reference for grouting design. In this study,
the diffusion morphology and characteristics of modified polyurethane slurry in vertical cracks were
investigated through modeling tests using the line source grouting method. Based on the viscous
time-varying characteristics of the slurry, a numerical model of slurry diffusion was established using
the joint FVM-VOF method. The numerical model was found to be accurate and reliable compared
to the test results. Finally, building upon the basic theory of three-dimensional structure, a rough
surface model with Gaussian distribution, more consistent with reality, was established. A numerical
simulation system was then employed to study the diffusion morphology and characteristics of
slurry in different rough cracks. The results indicate that the diffusion of modified polyurethane
slurry within vertical cracks under line source grouting is roughly divided into three stages. Despite
uniform crack opening, rougher roughness only increases the length of the crack, thereby reducing
the straight-line distance of slurry diffusion. However, it has no significant effect on the flow and
total distance of the slurry. Based on these findings, optimization of the grouting point arrangement
is proposed.

Keywords: vertical crack; model test; numerical simulation; rough crack; modified polyurethane

1. Introduction

The scale of China’s water conservancy infrastructure is vast, and cracks resulting
from the fracture of concrete channel slabs are a common issue. Concrete lining slabs
are highly susceptible to varying degrees of cracking in the field under the influence of
hydraulic forces, temperature differences, and cement drying and shrinking [1]. If not
repaired in time, they can lead to further structural damage from water, chlorides, and other
hazardous substances, exacerbating the loss of water resources and seriously weakening
the performance of the lining plate. This can greatly reduce the mechanical properties of
the structure, shorten its service life, and seriously affect the overall operational safety of
the project [2–4]. The use of grouting to repair cracks and seal leakage channels to improve
structural strength is a commonly employed and effective method. Therefore, studying the
diffusion behavior of the slurry within the cracks holds significant importance for guiding
grouting construction design [5,6].

Numerical simulation is one of the main methods used to study the diffusion behavior
of slurry in cracks [7,8]. Compared with theoretical solutions, numerical simulation can
continuously and dynamically illustrate the diffusion process of slurry in cracks under var-
ious working conditions and complex circumstances [9–11]. Therefore, many scholars have
conducted extensive research in this area [12,13]. Hassler et al. [14] conducted a simulation
study on the diffusion of Newtonian fluids in cracks and proposed the flow law of slurry in
a single crack. Saeidi et al. [15] investigated the effect of different structural parameters on
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slurry diffusion under the regular network model using 2D discrete element UDEC. Luo
et al. [16] studied the flow law of slurry in a spatial crack network by combining the flow
equation of Bingham fluid within a single smooth crack. Yu et al. [17] based on the theory
of U-shaped diffusion of dynamic water grouting in horizontal cracks, combined with
experiments and Comsol investigated the effect of inclination angle less than 20◦ on the dif-
fusion of cement slurry under borehole grouting. Zhang et al. [18] established a numerical
simulation of slurry diffusion in horizontal smooth cracks, considering the inhomogeneity
of spatial distribution of viscosity based on the time-varying viscosity characteristics of
cement slurry, by combining experimental and simulation of borehole grouting. Mohajerani
et al. [19] proposed a calculation method for slurry infiltration diffusion in one-dimensional
cracks based on the EGFP algorithm and verified the rationality of the algorithm through
tests. Li et al. [20] investigated the diffusion pattern and pressure distribution law of C-S
slurry in horizontal cracks under a fixed injection rate during borehole grouting, based on
plate tests and numerical simulation.

The current numerical simulation of crack grouting is mainly focused on horizontal
single smooth cracks, and many results have been achieved for the theoretical and nu-
merical simulation studies on the diffusion of slurry within horizontal smooth cracks. In
actual engineering, the structural crack section is often non-smooth. For this reason, some
scholars have carried out research in combination with rough surfaces. Zhang et al. [21]
investigated the diffusion mechanism of cement slurry in horizontal rough cracks through
visualization model tests. Li et al. [22] used JRC to quantitatively evaluate the surface
of horizontal cracks, and employed finite elements to study the flow field distribution of
slurry and the relationship between flow rate and differential pressure in rough cracks.
Yang et al. [23] established a roughness model based on the Barton curve and found that the
filling rate of carbon fiber composite cement slurry decreases with the increase of roughness.
Zhou et al. [24] established models with uniform and inhomogeneous openings based on
fractal theory, and investigated the seepage characteristics of two-phase flow in horizontal
fractures using LBM simulation. Zhu et al. [25] modeled and evaluated the roughness
model based on fractal theory and Z2, and investigated the effect of matrix permeability
on non-Darcy flow properties in a horizontally roughened single fracture. Jeong et al. [26]
modeled a horizontal rough fracture based on fractal dimensions and investigated the
effects of fracture roughness and normal stress on solute transport properties using the
particle tracking method. Hao et al. [27] investigated the diffusion characteristics of ex-
panded polyurethane in vertical smooth cracks using a combination of experimental and
simulation methods.

In the above studies, rough crack modeling is based on JRC and fractal theory, through
which three-dimensional rough cracks tend to exhibit smooth regions. This leads to calcula-
tion results prone to infinity when Z2 is used to evaluate the roughness of 3D structures.
The reason for this issue is that these theories are based on two-dimensional structures,
which are fundamentally different from three-dimensional structures, and thus cannot ef-
fectively establish and characterize three-dimensional structural features [28,29]. Although
some scholars have developed methods to characterize 3D rough surfaces by linking 3D
morphology with JRC and Z2 to form a multi-parameter joint [30–32], JRC and fractal
theory are still essentially two-dimensional profile curves, and Z2 is a two-dimensional
average slope along a predetermined direction [33–35]. Therefore, the establishment and
characterization of 3D structures using JRC, Z2, and fractal theory still, strictly speaking,
evaluate the establishment and characterization of 2D profile surfaces [36–39]. This results
in a significant error compared to the realistic 3D rough surface features [40], and the error
in the model directly leads to an increase in the error in the numerical results [41].

In summary, current studies on the spreading of slurry in cracks, whether smooth or
rough, are based on horizontal cracks, with the grouting method typically involving drilled
grouting perpendicular to the crack surface. In a few studies on vertical cracks, drilling and
grouting were also used [27]. However, drilled holes are highly susceptible to causing sec-
ondary damage to the crack structure [42]. Therefore, a line-source nondestructive grouting
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process was developed for vertical cracks [43]. In addition, vertical cracks are prevalent in
actual projects and are fundamentally different from horizontal cracks. Currently, there are
fewer studies on the diffusion of slurry in vertical cracks, which means that research on the
theory of grouting in vertical cracks lags behind engineering practice. Therefore, the study
of slurry diffusion in vertical cracks is of great practical significance. Based on the above
background, this study investigates the diffusion behavior of modified polyurethane slurry
in vertical cracks through line-source grouting tests and establishes a numerical model of
slurry diffusion in vertical cracks. Subsequently, to compensate for the inadequacy of three-
dimensional models created by two-dimensional theories, this study, based on the basic
theories of Gaussian distribution and three-dimensional structure [40,44,45], establishes a
rough model that more accurately reflects realistic characteristics. The diffusion behavior
of modified polyurethane slurry in vertical rough cracks is systematically studied, aiming
to provide guidance and a basis for construction.

2. Material and Model
2.1. Composition and Rheological Properties of Modified Polyurethane Materials
2.1.1. Material Composition

The modified polyurethane grouting material used by this institute is a non-foaming
polyurethane developed for repairing channel concrete cracks. It primarily consists of
Material A, Material B, and nano-silicon. Material A is transparent and comprises polyether
polyol, penetrating diluent, surfactant, and catalyst. Material B, dark brown in color, primar-
ily contains isocyanate, penetrating diluent, and flame retardant. The specific compositions
of Materials A and B are shown in Table 1, and the materials were obtained from Wanhua
Chemical Group Co. (Yantai, China). Nano-silicon nanoparticles are incorporated at a
dosage of 5 wt%.

Table 1. Polyurethane Components.

Main Ingredients Catalysts Surfactant Diluent Flame Retardant

Component A Polyether polyol Triethylamine,
Diethylenetriamine

Polyoxyethylene-based
nonionic active agent Dibutyl phthalate \

Component B Isocyanate \ \ Dichloromethane,
Dimethyl carbonate Trimethyl phosphate

2.1.2. Rheological Properties of Materials

For grouting repair of cracks with openings less than 1 mm, the material used should
be extremely groutable, which requires that the initial viscosity value of the material be
less than 0.1 Pa·s [46]. At the same time, the viscosity change of the slurry is crucial for
diffusion test studies and is also the basic data required for constructing hydrodynamic
models [47–49]. Therefore, it is necessary to measure the viscosity parameters of the nano-
modified polyurethane materials. The initial viscosity and time-varying measurements of
the materials were recorded using an SNB-2 digital viscometer.

The apparent viscosities of the modified polyurethane slurries were measured at
different ambient temperatures to investigate changes in the hysteresis properties of the
slurries during diffusion motion. As shown in Figure 1, the initial viscosity of the slurry
decreases with increasing ambient temperature, and the viscosity of the slurry does not
change much before the gel point. However, the viscosity increases suddenly after reaching
the gel point. Additionally, the viscosity-time inflection point of the slurry advances
accordingly with the increase in ambient temperature. From this, it is inferred that as the
slurry cures further, its resistance to diffusive movement increases, resulting in weakened
fluidity. Modified polyurethane exhibits typical viscosity-time characteristics, and based
on the test results, the slurry viscosity-time varying equation can be expressed as [50]:

µ(t) = µ0 + A1et/t1 (1)
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where µ0 represents the initial viscosity, A1 represents the viscosity coefficient, and t1
represents the characteristic time. The Levenberg-Marquardt algorithm was utilized to fit
the data to the experimental data depicted in Figure 1, and the function fitting curve is
illustrated in Figure 1.
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The viscosity models for polyurethane at 10, 20 and 30 ◦C are as follows:

µ10(t) = 114.54328 + 7.83 × 10−2 × e
t

25.08171 , R2 = 0.99458 (2)

µ20(t) = 63.96264 + 6.17238 × 10−6 × e
t

7.65561 , R2 = 0.96432 (3)

µ30(t) = 48.17332 + 1.2062 × 10−7 × e
t

3.93955 , R2 = 0.97621 (4)

2.2. Line Source Grouting Test Device
2.2.1. Visual Grouting Test Device

In order to repair cracks in channel concrete slabs, nano-modified polyurethane repair
materials were prepared. To study the diffusion mechanism of the modified polyurethane,
a visualized crack model was made. The crack model, which serves as the main body, is
made of transparent polymethyl methacrylate, and the thicknesses is 10 mm. From the
front view, the size is 800 mm × 100 mm, and the depth of 100 mm is consistent with
the depth of the channel concrete lining slab. In concrete structures, a crack of 0.5 mm is
particularly important for assessing the crack bridging behavior of small cracks; therefore,
the crack width was chosen to be 0.5 mm [51]. After placing the crack model with 0.5 mm
galvanized sheets in the middle part, the model plates on both sides were tightly fitted
and then fixed by adhesive bonding using ethylene vinyl acetate (EVA). The galvanized
sheets were withdrawn after fixation. The bottom part was then bonded to the flat plate by
EVA. The top and bottom of the model were set as closed boundaries, the two ends were
the exits, and the cavity device was installed at the top center position. Figure 2 shows a
schematic diagram of the visualized crack model device.

The grouting equipment uses a double pump head peristaltic pump, as shown in
Figure 2. The peristaltic pump grouting speed is adjustable and constant, allowing for
constant low pressure continuous grouting. The Peristaltic pump has good self-priming,
and the double pump head ensures that the speed, suction, and flow are the same. The
slurry tube length is the same, preventing reflux and overflow. Thus, the slurry can be fully
and evenly mixed in the mixing tube. At the same time, there is no need to equip an air
compressor, minimizing the influence of pressure on the crack structure. Thanks to the
stable rotational speed of the peristaltic pump, the grouting flow rate remains constant, and
the amount of grout injected can be determined by timing. In the grouting test on 0.5 mm
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cracks, the peristaltic pump speed is 20 rpm and the grouting rate is 0.8 g/s. The pump
head is a YZ1515 three-roller pump head. The length of the slurry pipe is 0.4 m, and the
mixing pipe is 0.1 m. The inner diameter of the slurry pipe is 4.8 mm, the outer diameter
is 8 mm, and the wall thickness is 3.2 mm. At the end of the mixing tube, the slurry is
injected into the cavity using a “rat tail” fitting. The tail of the rat-tail joint has a diameter
of 5 mm and is embedded in the mixing tube and reinforced by a pipe clamp. The head has
a diameter of 1.8 mm and can be embedded in the grouting hole to inject the slurry into
the cavity.
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In this study, the characteristics of cracks and the shortcomings of peristaltic pumps,
which generate pulsatile flow during grouting, are addressed. The cavity device was
developed as the slurry inlet during grouting, as shown in Figure 2. Cavity device changes
the conventional use of conduit grouting, forming a long rectangular line source grouting.
The cavity is placed between the grouting outlet and the crack, which can absorb pulses,
ensuring the slurry is injected into the crack in a smooth and continuous manner. It also
prevents air bubbles from entering the cracks and improves the filling effect. The cavity
grouting device is mainly composed of two parts: the upper part of the main body, which is
a cover plate made of PMMA, size 100 mm × 100 mm × 5 mm, and the lower part, which
is a silicone gasket of the same size with a thickness of 3 mm. The size of the cavity body
can be adjusted according to the crack grain characteristics and grouting requirements.

2.2.2. Test Recording Equipment

Considering the characteristics of microcracks, in order to reduce further damage to the
structure by pressure, the grouting material used non-aqueous reactive isodense material,
which does not have foaming properties. Therefore, the main focus of the measurement
system is the diffusion pattern and diffusion range of the slurry. To facilitate the analysis of
the diffusion pattern, a grid with an interval of 20 mm was drawn on the outside of the
crack simulation plate. The slurry diffusion process was recorded using a Canon EOS-700D
camera positioned in front of the model, as shown in Figure 3. To ensure the diffusion effect
of the slurry, the test was conducted outdoors at an ambient temperature of 30 ◦C, with
ambient humidity of about 40%. The grouting time was 60 s.
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2.3. Numerical Model
2.3.1. Basic Assumption

In order to deeply study the diffusion of modified polyurethane slurry in vertical
cracks, numerical simulation analysis is carried out considering the viscous time-varying
characteristics of the modified polyurethane slurry. The correctness of the numerical
simulation is verified by comparing the numerical analysis results with the test results.
Through the rheological characterization test, it can be seen that the modified polyurethane
slurry has a relatively constant viscosity before the gel inflection point and can be considered
to flow like a Newtonian fluid. After the gel inflection point, the viscosity increases rapidly
and stops flowing. This study addresses the diffusive behavior of modified polyurethane
before the inflection point and therefore considers it as a Newtonian fluid [52]. The basic
assumptions and prerequisites for modeling are as follows:

(1) The modified polyurethane slurry is uniformly mixed and is an isotropic, incompress-
ible, homogeneous, continuous fluid;

(2) The slurry spreads as laminar flow in the cracks;
(3) When the slurry flows in the crack, there is no slip on the walls on both sides of the

crack, i.e., the flow rate of the slurry on the crack surface is 0;
(4) Penetration of the slurry into the concrete structure on both sides of the crack is

not considered;
(5) The flow pattern of the slurry remains unchanged during the movement, with only

the viscosity is time-varying. The value of the viscosity is constant until the inflection
point, so it is considered a Newtonian fluid;

(6) The changing state of the slurry in the delivery pipe and the cavity body is neglected.

2.3.2. Flow Control Equation

The diffusion of modified polyurethane slurry in a crack can be viewed as a two-
phase flow problem. Its diffusion is controlled by the continuity equation and momentum
conservation equation, expressed as follows:

∂ρ

∂t
+∇ · ρU = 0 (5)

∂(ρ U)

∂t
+∇ · (ρUU) = −∇p +∇ ·

[
µ
(
∇U +∇UT

)]
+ ρg (6)

where ρ represents the slurry density, t represents time, U represents the velocity vector, µ
represents the dynamic viscosity, g represents the gravitational acceleration.

The visualized crack model has a relatively high aspect ratio, and the PMMA material
is flexible. During the modeling process, uneven crack openings may exist. At the same
time, due to the cavity body and the infusion tube, there will be a certain lag in the viscosity
of the slurry. Therefore, the extrapolation of the density from the crack volume and the mass
of the slurry injection will produce a large error. In contrast, the non-foamed polyurethane
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material used in this study has isodensity properties. Therefore, the average value of density
after initial mixing and curing was used as the density parameter, and the density was taken
as 1.255 g/cm3. The viscosity of the slurry versus time was expressed using Equation (4) at
an ambient temperature of 30 ◦C. In the setup of the inlet, the cavity body is considered the
inlet of the slurry during crack grouting. The length of the line source is 90 mm, which is
the same as the length of the cavity, and the position is located in the middle of the model.

3. Comparative Analysis of Test and Simulation
3.1. Analysis of Test Results

To establish a reference point for measuring distance, the center point of the model
is used as the zero point. The sum of the diffusion distances on the left and right sides is
defined as the slurry diffusion width. The diffusion widths at the top and bottom of the
cracks are defined as LT and LB, respectively. Since the model is symmetric, one side is
selected for observation, and the diffusion characteristics are shown in Figure 4.
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As shown in Figure 4, the typical diffusion morphology of the modified polyurethane
slurry during the diffusion in vertical cracks is illustrated. Before the slurry reaches the
bottom boundary of the crack, the slurry diffusion morphology is roughly semicircular,
as shown in Figure 4a. The slurry diffuses to the bottom of the crack in a semicircular
shape, and the semicircular boundary is tangent to the bottom boundary of the crack. The
diffusion morphology then instantly changes from a semicircular shape to an inverted
trapezoidal shape, as shown in Figure 4b. Subsequently, the slurry diffusion velocity at
the bottom of the crack starts to exceed that at the top until the diffusion widths at the
top and bottom become nearly equal. Finally, the diffusion pattern of the slurry becomes
rectangular and spreads steadily to both sides, as shown in Figure 4c,d.

The bottom diffusion width is zero when the slurry spreads in a semicircle before
reaching the bottom. Therefore, the bottom diffusion width data is recorded from the
time when the slurry becomes tangent to the bottom. The top diffusion width is denoted
as LT and the bottom diffusion width is denoted as LB. The initial slopes of the LT and
LB curves are larger than that of the bottom diffusion width. As shown in Figure 5, the
initial slopes of the LT and LB curves are large, and the overall trend gradually becomes
smaller and stabilized. The slopes of the curves indicating the diffusion speed of the slurry
at different moments. Initially, the low viscosity of the slurry is very favorable for the
diffusion, resulting in a very fast diffusion speed. When the slurry diffuses to the bottom of
the crack, the bottom diffusion speed is extremely high due to the convergence of multiple
directions of slurry at the bottom and the gradual connection of the semicircular boundary
with the bottom. Subsequently, the diffusion pattern of the slurry changes from semicircular
to inverted trapezoidal and finally to rectangular. At the beginning of this process, the
initial diffusion velocity of the slurry at the bottom is large, and the amount of slurry
increases rapidly, causing the velocity decays quickly. When the diffusion width of the top
and bottom are approximately the same, the slopes of the LT and LB curves are basically the
same. This indicates that the diffusion velocities at the top and the bottom are essentially
the same, and the overall diffusion velocity of the slurry in the crack becomes stable.
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In summary, the diffusion process of modified polyurethane slurry in vertical cracks
can be roughly divided into three stages based on the diffusion speed and morphology: a
semicircular downward diffusion stage, an inverted trapezoidal rapid diffusion stage, and
a rectangular stable diffusion stage, as shown in Figure 5. In the first stage (Stage I), the
slurry is injected into the vertical crack by a peristaltic pump, and the diffusion speed is
faster due to the lower viscosity of the slurry. The spreading pattern of the slurry in this
stage is semicircular, lasting from the beginning of grouting until contact with the bottom.
In the second stage (Stage II), after the slurry diffused to the bottom, the slurry morphology
immediately becomes inverted trapezoidal. At this time, the diffusion rate of the slurry
at the bottom is faster than at the top, and the slurry morphology quickly develops into a
rectangular shape. During this stage, the diffusion rate at the top gradually stabilizes, while
the diffusion rate at the bottom rapidly decays to match the top’s rate. When the diffusion
pattern becomes rectangular, the process enters the third stage (Stage III), in which the
slurry diffuses in a rectangular shape and steadily spreads to both sides of the crack. In
this stage, the slurry in the cavity, under the joint action of the slurry in the crack and the
peristaltic pump, forms a stable grouting pressure, and the diffusion speeds at the top and
bottom converge and stabilize. After stopping the grouting, the spreading of the slurry
gradually ceases, and the viscosity of the initially injected slurry begins to increase and
solidify. The strength and stability of the polyurethane gradually increases, keeping the
later-injected slurry in a stable area and state, and gradually curing. Eventually, all the
slurry in the crack is completely cured, completing the grouting repair of the crack.

3.2. Comparison of Numerical Simulation and Test Results

For numerical calculations, the joint FVM-VOF method was employed to numerically
calculate the diffusion behavior of the slurry. The solution process was carried out using
ANSYS Fluent 2021 R1 software for the laminar flow transient problem. The second-order
upwind format was used to discretize the control equations, and the SIMPLE algorithm
was used to solve iteratively. The phase interface of the air-slurry mixture was tracked
and captured using the VOF method, and the volume fraction equation was solved using
the geometric reconstruction method. Equation (4) was embedded by a UDF function to
achieve real-time adjustment of the viscous time-varying properties of the material.

The dimensions and boundary conditions of the numerical model were kept the same
as those in the tests. The slurry injection inlet was 90 mm long, identical to the physical
model. The slurry injection rate was defined as the inlet boundary for the mass flow
condition, with the flow rate set to 0.8 g/s by the condition function for a duration of 60 s,
followed by zero flow rate. The results of the numerical simulation are depicted in Figure 6,
where the red color in (a–d) represents the typical morphology and range of slurry diffusion
at four moments: 5 s, 15 s, 25 s, and 50 s, respectively.
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Comparison of diffusion patterns and widths between numerical simulations and
tests is shown in Figures 7 and 8. Figure 7 shows the diffusion of the slurry in the cracks at
different time points, comparing the numerical simulation with the test results. From the
figure, it can be observed that the diffusion pattern of the slurry remains basically the same
at different stages. Combined with Figure 8, it can be seen that the width of slurry diffusion
in the test is basically the same as in the numerical simulation. However, several differences
also need to be noted. First, the diffusion range of the test is slightly larger than that of
the numerical simulation in the early stage, while the range of the numerical simulation
diffusion is larger than that of the test in the later stage. Second, in the numerical simulation,
the slurry reaches the bottom boundary at a later point in time than in the test. Finally, the
diffusion widths at the top of the crack are basically the same until 45 s, after which the
simulated values start to gradually exceed the experimental values, while in the bottom
widths, the experimental values are larger than the simulated values, and agreement is
reached at 45 s, after which the simulated values gradually exceed the experimental values.
Finally, the root mean square error (RMSE) was introduced to evaluate the error of the
numerical model and the test, which was 2.82 at the top of the crack and 4.81 at the bottom,
with an average of 3.82.
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The reasons for these discrepancies may be due to the following:

(1) During the grouting process, the silicone hose used shows a slight swelling phe-
nomenon with the increase of grouting time. This is because the rotational speed
of the peristaltic pump is constant, the output volume of slurry is constant, and the
pressure of the peristaltic pump output is also constant. However, as the amount
of slurry in the crack increases, the resistance to grouting at the exit of the slurry
increases. Therefore, the output of slurry at the outlet will gradually decrease, causing
the expansion of slurry accumulation in the hose. In the numerical simulation, the
flow rate is constant and the effect of pressure is ignored accordingly.

(2) During the test, the increase in the amount of slurry injection over time led to a
gradual increase in the pressure near the injection port. In the late stage of the test,
slurry overflow occurred near the grouting port at the top of the model, which directly
led to the loss of slurry and further caused the reduction of diffusion distance. In
contrast, in the numerical simulation, there is no slurry loss.

(3) In the modeling tests, the length-to-height ratio of the crack face model was too large
to keep the distribution of openings exactly the same when setting the crack openings.
Therefore, with the same mass of slurry, numerical simulation can fill the cracks more
adequately, which is difficult to achieve in the tests.

Considering the effects of relevant factors in the test, the root mean square error of the
model is in the acceptable range. It can be concluded that the numerical model established
by the joint FVM-VOF method in this study is reasonable. It can be used to predict the
diffusion of modified polyurethane slurry in vertical cracks during line-source grouting.

4. Numerical Analysis of Rough Cracks
4.1. Basic Theory

The self-covariance function for a structured surface in 3D space is as follows:

ρ(τx, τy) =
1

(Lx − τx)(Ly − τy)
·
∫ Lx−τx

0

∫ Ly−τy

0
z(x, y)z(x + τx, y + τy)dxdy (7)

Exponential autocorrelation function [53]:

R(τx, τy) =
ρ(τx, τy)

ρ(0, 0)
= σ2· exp(−2.3((τx/βx)

2 + (τy/βy)
2)

1/2
) (8)
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The normalization factor ρ(0, 0) in Equation (8) is the variance of the surface height dis-
tribution, and the autocorrelation function R(τx, τy) is a dimensionless quantity. The power
spectral density function is defined as the Fourier transform of the autocorrelation function:

G(ωx, ωy) =
1

2π2 ·
∫ ∞

0

∫ ∞

0
ρ(τx, τy) cos(ωxτx + ωyτy)dτxdτy (9)

The structure function equation is:

S(τx, τy) =
1

(Lx − τx)(Ly − τy)
·
∫ 1−τx

0

∫ 1−τy

0
(z(x, y)− z(x + τx, y + τy))

2dxdy (10)

The self-covariance function ρ(τx, τy), the autocorrelation function R(τx, τy), the power
spectral density function G(ωx, ωy), and the structure function S(τx, τy) contain the same
information, but in different situations, these functions can characterize the rough surface
differently [32]. In practical engineering, the rough surface becomes a discretized stochastic
process after digital sampling, denoted as z(x, y) discretized:

R(τx, τy) = E(z(x, y)z(x + τx, y + τy)) (11)

The 2D digital filtering technique based on the AR model to generate rough surfaces
with a specified autocorrelation function is based on the following principle:

An arbitrary random process η(x, y) is passed through a two-dimensional filter to
obtain a random process z(x, y):

z(x, y) =
n−1

∑
k=0

m−1

∑
l=0

h(τx, τy)η(x + τx, y + τy) (12)

where τx = 1, . . . , N, τy = 1, . . . , N. n = N
2 , m = M

2 , h(τx, τy) are the corresponding
functions of the filter shocks.

Equation (12) is Fourier transformed:

z(ωx, ωy) = H(ωx, ωy)A(ωx, ωy
)

(13)

where z(ωx, ωy), H(ωx, ωy), and A(ωx, ωy
)

are the Fourier transforms of z(x, y), h(τx, τy),
and η(x, y), respectively.

The Fourier transform of the autocorrelation function R yields the power spectral
density function G(ωx, ωy). Since H(ωx, ωy) is related to the power spectral density function
as follows [54]:

H(ωx, ωy) = (
G(ωx, ωy)

C
)

1
2

(14)

where C is the power spectral density of the input sequence, and C is a constant for a
random sequence obeying a Gaussian distribution.

Based on the above basic theory, the steps for generating a rough surface with an
exponential autocorrelation function using Matlab are as follows:

(1) Generate a two-dimensional random sequence of Gaussian distributed white noise,
and perform a Fourier transform;

(2) The autocorrelation function R is Fourier transformed to obtain the output signal
Gz(ωx, ωy), and the power spectral density C of the input sequence is determined;

(3) H(ωx, ωy) is calculated from Equation (14);
(4) The output sequence after passing the input sequence through the filter is Fourier

transformed Z(ωx, ωy) through Equation (13);
(5) The surface height distribution function z(ωx, ωy) is obtained by applying the Fourier

inverse transform to Z(ωx, ωy).



Processes 2024, 12, 1336 12 of 17

The roughness of rough surfaces is evaluated using the average slope Z3D
2 in three

dimensions as follows:

Z3D
2 =

√√√√ 1
LxLy

∫ x=Lx
x=0

∫ y=Ly
y=0

[(
dz
dx

)2
+

(
dz
dy

)2
]

dxdy

=

√√√√√ 1
(Nx − 1)(Ny − 1)∑Nx−1

i=1 ∑
Ny−1
i=1

( zi+1,j − zi,j

xi+1,j − xi,j

)2

+

(
zi,j+1 − zi,j

yi,j+1 − yi,j

)2
 (15)

where Nx and Ny are the number of points along the x and y directions for rough surfaces
Lx and Ly, respectively.

Both the generation of the height distribution function mentioned above and the
evaluation of roughness were computed using Matlab for output.

4.2. Rough Surface Model

As shown in Figures 9 and 10, random rough surface elevation maps and models were
generated using the exponential autocorrelation function. Figure 9a–f demonstrate that
roughness gradually increases. The scale in Figure 9 indicates that the highest value of
the rough surface increases as the roughness increases. Moreover, the frequency of the
undulation changes on the crack surface gradually increases as the value of Z3D

2 increases.
From this, it can be inferred that the exponential autocorrelation function used in this
study is feasible, and the variation trend of the generated rough surface is consistent with
the basic theory of Z3D

2 . The rough crack model was built using Comsol Multiphysics, as
shown in Figure 10. The diffusion simulation of the slurry was conducted using Fluent,
and the simulation setup mirrored that of the test.
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4.3. Numerical Simulation Analysis of Rough Cracks

As shown in Figure 11, the diffusion patterns of slurry at different moments within
the crack exhibit varying degrees of roughness. It is apparent that as roughness increases,
the range of slurry diffusion at the same moment gradually decreases. Initially, in the
first stage, the slurry exhibits semi-circular diffusion, but with increasing roughness, the
semi-circular shape becomes less regular. Analyzing the diffusion pattern at t = 15 s, it
becomes evident that higher roughness leads to a reduced contact area between the slurry
and the bottom of the crack, indicating a longer duration for the slurry to reach the bottom
from the top. This suggests a positive correlation between the time for the slurry to reach
the bottom boundary and the roughness.

During the second and third stages, the diffusion pattern of the slurry remains similar
to that within the smooth crack, gradually transitioning from an inverted trapezoid to
a rectangle. In the second stage, however, the diffusion pattern of the slurry begins to
exhibit less regularity with increasing roughness, indicating that roughness affects the
diffusion pattern of the slurry to some extent. By the third stage, at t = 45 s and t = 60 s, the
spreading range of the slurry decreases with increasing roughness, particularly noticeable
at Z3D

2 = 0.532. This highlights a gradual reduction in the spreading range of the slurry
with increasing crack roughness. Therefore, for effective grouting repair of cracks, reducing
the interval distance between grouting inlets is recommended to ensure complete filling of
the crack space and achieve optimal repair outcomes.

The absolute path of slurry diffusion in the crack was measured along the Z-axis
direction of the model in both top and elevation views, representing the diffusion width of
the slurry at the top and bottom. As shown in Figure 12, the diffusion distance of the slurry
at different moments within the cracks with varying roughness is illustrated. From the
figure, it can be seen that the diffusion width of the slurry inside the crack does not change
with the roughness compared to the simulation results of the flat plate crack. Combined
with Figure 11, it can be seen that the increase in roughness is only results in a longer crack
path length compared to that of the flat plate crack, but it does not affect the flow-diffusion
properties of the slurry. This also indicates that the time for the slurry to diffuse from the top
to the bottom is greater in cracks with large roughness than in cracks with small roughness.
The underlying reason for this is the lengthening of the slurry diffusion path, which makes
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it take longer for the slurry to diffuse to the bottom. Therefore, it can be concluded that
the diffusion behavior of modified polyurethane slurry in cracks with uniform openness
but different roughness has no significant relationship with roughness. For cracks with the
same straight-line distance, the greater the roughness, the longer the path length inside the
crack, resulting in a longer path for slurry diffusion and accordingly more slurry is needed
to fill the crack. At the same time, considering the rheological properties of the modified
polyurethane slurry used in this study, the viscosity remains almost constant for the first
60 s and then increases gradually. Therefore, when grouting cracks for repair, each grouting
session can last for about 60 s, and the spacing of the grouting devices should be set smaller
than the spreading width of the slurry at 60 s.
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5. Conclusions

The objective of this study is to investigate the diffusion behavior of modified
polyurethane slurry in rough vertical cracks. The rheological properties and diffusion
characteristics of the slurry were investigated through model tests. On this basis, the nu-
merical model of slurry diffusion during grouting in vertical rough cracks was established,
validated, and analyzed. The main conclusions are as follows:

For crack repair, a visualized crack grouting model, a constant pressure grouting
system, and a cavity body grouting device were developed. By replacing the traditional
drilling method of grouting with the cavity device, the line-source grouting method is used
to inject the slurry into the cracks from the top, thus achieving non-destructive grouting
repair of vertical cracks.

Based on the model test and numerical simulation study, the diffusion of modified
polyurethane slurry in vertical cracks can be roughly divided into three stages: a downward
diffusion stage in the form of a semicircle, a rapid diffusion stage in the form of an inverted
trapezoid, and a stable diffusion stage in the form of a rectangle. The numerical results are
in good agreement with the experimental results.

Using the exponential autocorrelation function, a more realistic rough crack model
under Gaussian distribution is established. The three-dimensional spatial average slope
parameter Z3D

2 is used to characterize and evaluate the rough surface of the crack. The
results show that the exponential autocorrelation function can effectively generate crack
surfaces with different roughness levels, and the Z3D

2 value correlates with the rough
surface, allowing for quantitative evaluation of the rough surface.

Numerical simulations were used to study the diffusion behavior of modified
polyurethane slurry in cracks with varying vertical roughness, and the relationship between
slurry diffusion behavior and roughness was systematically analyzed. The results show
that for cracks with the same straight-line distance, the increase in roughness only increases
the path length of the crack and has no significant effect on the flow diffusion of the slurry.
Based on this, the interval between grouting device should be reduced when repairing
cracks through grouting.

In summary, this study is based on the diffusion test of modified polyurethane slurry,
and the numerical model established is reasonable and can accurately predict the diffusion
behavior of modified slurry in vertical cracks. It provides a foundation for the diffusion
study of modified polyurethane slurry within vertical rough cracks.
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