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Abstract: Human society is entering the era of Industry 4.0; engineering systems are becoming more
complex, which increases the difficulties of maintenance support work. Failure dependence exists
widely in multi-component systems. In this work, a model of two-dimensional (2D) warranty decision
making was constructed by using a failure-dependence analysis for multi-component systems and
by considering the extended warranty cost and the system availability. The decision was to cut
the warranty cost as much as possible for manufacturers, while the constraint condition was the
minimum acceptable availability for the customer. The model combined preventive maintenance
as well as corrective maintenance strategies. Under the condition that the multi-component system
is replaced upon the expiration of the extended warranty (EW), the optimal 2D EW duration and
preventive maintenance interval could be obtained through the model. In a case analysis, the optimal
EW scheme for the gearbox of an electric multiple unit (EMU) system was obtained by using a grid
search algorithm, a PSO algorithm, and a PSO–BAS algorithm. Through comparison, the PSO–BAS
algorithm obtained a better scheme with lower warranty costs and higher system availability. A
comparative analysis and a sensitivity analysis showed that the model provides a theoretical basis
for manufacturers to optimize their 2D extended gearbox warranties.

Keywords: two-dimensional warranty; extended warranty decision; failure dependence; multi-
component systems; preventive maintenance; evolutionary algorithms

1. Introduction

A multi-component system is made up of multiple subsystems or components that
are interrelated and that affect each other in order to complete specific functions together.
In the era of Industry 4.0, more and more modern technical systems are widely used in the
fields of production, industrial manufacturing, and military [1]. For example, an electric
multiple unit (EMU) system, which is a type of modern train and which is composed of
several vehicles with power (motor cars) and vehicles without power (trailers), has complex
structures and high integration. EMUs are usually composed of many multi-component
systems, and there is failure dependence among components in the system, which greatly
increases the difficulty of maintenance and daily management. The gearbox is an important
subsystem of an EMU system, which is mainly composed of bearings and gears. There
is failure dependence between the bearings and the gears, which is mainly reflected by
bearing failures that lead to the increased vibration of the gearbox, which accelerates the
gear wear process and increases the gear failure rate. The existence of failure dependence
makes it more difficult to develop a warranty plan for the gearbox.
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Two-dimensional (2D) warranty means that the warranty period is composed of two
dimensions. Usually, one dimension represents calendar time and the other represents
usage intensity. An extended warranty (EW) refers to a warranty service contract signed
between the manufacturers and the customers following the expiration of the basic war-
ranty [2]. The manufacturer provides follow-up service work for a certain period, and the
user needs to pay for it. Nowadays, the reliability of products is becoming higher and
higher, and the service life is becoming longer and longer. A basic warranty can no longer
meet the needs of users. Therefore, EWs are becoming more and more common. The main
reason why users choose an EW is that they hope the failure of the product beyond the
basic warranty period can be repaired in time, so as to ensure that the product remains
available. At present, providing an EW has become an important way for manufacturers to
make profits [3]. Manufacturers hope to make the EW cost of multi-component systems
as low as possible during the EW period, but users hope to obtain higher availability [4].
Therefore, in the research of EWs, it is crucial to scientifically formulate an EW scheme by
considering the demands of both the users and the manufacturers.

A warranty scheme usually includes the determination of a warranty period and a
preventive maintenance interval. In a model, these indicators usually exist in the form of
decision variables. Therefore, the process of obtaining the optimal scheme is the process of
optimizing the decision variables. The grid search method is an optimization algorithm
often used in maintenance optimization [5]. The function of a grid search is to discretize
the continuous variables within a specified range, divide them into a limited number
of variable values according to the set grid density (or step size), and then respectively
substitute the current values of variables into the model to calculate the objective function
values at that time. This method is suitable for optimization problems with few variables.
Usually, the number of variables should not be too large. Too many variables can lead to a
combination explosion, and the time complexity of the algorithm will increase exponentially.
As one of the methods for solving global optimization as well as multivariable optimization
problems, the particle swarm optimization (PSO) algorithm has been extensively applied to
various planning problems and has also been extensively adopted in the field of warranty
decision making [6–8]. The advantage of the PSO algorithm is that its function makes
it easier to find the global optimal value without becoming trapped in a local optimal
value. The disadvantage is that the settings of inertia weight and the learning factor have
a great impact on the result. In addition, the traditional PSO algorithm usually treats a
particle as a mass point; that is, it has no orientation. The beetle antennae search (BAS)
algorithm was put forward by Jiang et al. in 2017 [9], and its principle is based on the
observation that a beetle will change its flight direction according to the different odor
intensities perceived by the left and right antennae when hunting. The BAS algorithm has
the characteristics of fast searching and simple execution. It is a monomer search algorithm
that has great advantages for dealing with low-dimensional optimization objectives, but it
is easy to fall into local extremes during multimodal complex function optimization. In this
paper, a PSO–BAS algorithm is proposed by adopting the traditional PSO algorithm while
regarding the particle as a beetle. Before each particle position iteration, the particle will
first change its orientation according to the different smell intensities perceived by the left
and right antennae, so as to make it faster to find the global optimal solution. A case study
is provided to prove this conjecture.

The main research work of the present article is:

(1) For a multi-component system with unidirectional failure dependence, the present
study attempts to develop a failure rate model through a failure-dependence analy-
sis for the system. The protocols for both preventive (imperfect) maintenance and
corrective (minimum) maintenance are introduced, and their repair effects are de-
scribed using the virtual age method and minimum maintenance theory, respectively.
Meanwhile, the non-homogeneous Poisson process (NHPP) theory was adopted for
establishing a model for the number of system failures in a period of time, which
provides an important basis for the model of warranty cost and for system availability.
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(2) For a failure-dependence system with a 2D warranty, under the case that the system
is replaced when the warranty expires, models of warranty cost per unit time and
the availability were established. In the case study, an optimal 2D EW scheme for
the gearbox of an EMU system was determined via the PSO–BAS algorithm, with
the minimum warranty cost as the decision objective and the availability acceptable
to users as the constraint. The warranty scheme (decision variables) included the
optimal 2D EW period and the preventive maintenance interval.

The remainder of this article is structured as follows. Research closely related to this
study is analyzed in Section 2. Section 3 illustrates a description of the optimization model
and its assumptions. Based on the failure rate model, Section 4 of this paper presents
the constructed models for the warranty cost and the system availability. Section 5 is the
case analysis, and Section 6 is the conclusion of the present study. Future research is also
proposed in Section 6.

2. Related Work
2.1. 2D Warranty

The 2D warranty policy has, in fact, been widely used for modern technical equipment,
such as automobiles and aircraft engines. The warranty area of a 2D warranty is usually
represented by a 2D plane, in which one dimension represents calendar time and the other
dimension represents usage. Wang [10] introduced in detail the 2D warranty policy and
its corresponding warranty area shape, and provided a more comprehensive overview of
the 2D warranty. Compared with one-dimensional warranties, a 2D warranty additionally
considers the system’s degradation in the usage process, so it is more in-line with the failure
law of the system. Meanwhile, when the deadline for one of the dimensions is reached,
the warranty will end, which can reduce the warranty pressure on the manufacturers to a
certain extent. Research on 2D warranties is conducted as follows. First, the 2D warranty
area is divided into multiple subareas; then, the maintenance strategy is determined; and
finally, the optimal 2D warranty scheme is obtained using a decision-making goal of war-
ranty cost [11], availability [12], cost-effectiveness ratio [13], etc. The authors of [14–17]
studied 2D warranties according to the above process and modeled them according to
different optimization objectives. In recent years, 2D warranty research has shown some
new trends. Peng [18] developed a random and dynamic maintenance model by changing
the utilization rate. The authors of [19] used a value–risk approach for dual-channel sales
manufacturers while optimizing a 2D warranty policy and the pricing (with dual-channel
products referring to products sold online and offline simultaneously). By completely
taking the heterogeneity of users into consideration, the authors of [20–22] customized
2D warranty services for different customers. The authors of [23–25] adopted preventive
maintenance measures into 2D warranty services with the purpose of reducing warranty
costs and improving availability. Based on key information obtained from historical claim
data, the authors of [26–28] investigated a data-driven 2D warranty decision model. In
accordance with the literature review, it can be observed that currently, studies on 2D
warranties have gradually highlighted customer heterogeneity, focusing on the person-
alization of warranty schemes for customers through their different usage behaviors. At
the same time, the diversity of products and warranty claim data are receiving more and
more attention in the warranty decision-making process. Meanwhile, because preventive
maintenance can diminish losses from a system shutdown and avoid severe consequences
from failures, there are more and more studies on 2D warranties based on preventive
maintenance. Compared with one-dimensional warranties, a 2D warranty involves more
complex modeling, so most of the existing studies have only considered a single component;
multiple-component dependence has rarely been considered.

2.2. Extended Warranty

Most studies on EWs have set the minimum warranty cost or the highest profit margin
of manufacturers as the decision goal, and they fail to focus on the users. For example,
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Tong [29] studied the best degree of maintenance within an EW duration while considering
a changing utilization rate, with the goal of lowering the warranty cost. By comprehensively
considering the influence of engineering factors and market factors on the 2D EW price,
Wang [30] derived the best product price and 2D EW cost so that the profit margin of
manufacturers could be expanded. Xin [31] established a warranty cost model based on
the failure history of products and the usage rate by users, and determined the optimal
warranty price based on the manufacturer’s expected warranty cost and profit. Based on
the assumption that not all users will purchase an extended warranty, the author of [3]
jointly optimized the basic warranty period, extended warranty period, product price, and
extended warranty cost. These studies are of great significance for making EW decisions
for a manufacturer, but they minimize the interests of users to a certain extent. Based on
the above analysis, our goal was to establish an EW decision model that comprehensively
considers the EW cost together with the multi-component system availability.

2.3. Availability

Availability refers to the probability that a multi-component system is in a usable state
when it starts to perform tasks at any random time. Availability is one of the important
parameters that affect users. In the field of maintenance decision making, the availability of
equipment has been extensively studied. Some studies have only considered the impact of
availability on maintenance decision making. For example, Yang [32] took the maximum
average availability of a system as the decision-making goal and obtained the optimal
preventive maintenance interval. Henry et al. [33] compared the availability of a power
generation system under reliability-centered maintenance (RCM), risk-based maintenance
(RBM), condition-based maintenance (CBM), and a combination of the three maintenance
strategies. However, these studies did not consider the impact of the maintenance cost on
decision making. Meanwhile, it has been found that some studies have paid attention to
both the availability and the maintenance cost. For example, Qiu [34] considered both the
maintenance cost and the system availability, and studied the optimal failure detection
and imperfect maintenance strategy of a remote power supply system; Ahn [35] studied
the optimal preventive maintenance interval for minimizing the maintenance cost on the
premise of ensuring the availability of an engineering system. Research considering both the
warranty cost and the availability in two-dimensional warranty decision making has been
conducted by the authors of [36–38]. However, there are few studies on 2D warranties that
consider the warranty cost and the availability with multi-component failure dependence.

2.4. The Failure Dependence

In the existing research, mainly three types of dependence among multiple compo-
nents have been considered: structural dependence, economic dependence, and failure
dependence. Failure dependence exists widely in multi-component systems, and it has at-
tracted extensive attention in academia. Failure dependence describes the characteristics of
failure interactions between internal components of a system [39]. The failure dependence
among multiple components can be categorized into three types [40]: fault correlation
(Type I, which implies that the failure of a certain component is responsible for the failure
of other components with a certain probability); failure rate correlation (Type II, which
involves the failure of one component increasing the failure rate of other components);
and impact damage correlation (Type III, which involves the failure of one component
causing random degradation to other components). Sun [41] introduced the derivation
method of the failure-dependence coefficient between components based on an experiment.
Zhang [42] studied the periodic inspection strategy of a Type I failure-dependent k-out-
of-n system. Based on an analysis of Type II failure dependence, the authors of [43–45]
studied the optimal maintenance scheme of a system. Among them, the authors of [43]
comprehensively considered Type I failure dependence and Type II failure dependence. The
research on failure dependence in multi-component systems is still limited to maintenance
decision making, without considering the impact of different warranty methods on the
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maintenance cost and maintenance plan. In terms of the multi-component system studied
in this paper, its components exhibit failure dependence in engineering practices. Based on
a 2D warranty, this paper considers the failure dependence between multiple components,
and EW decision making is the focus of this paper.

3. Model Description and Assumptions
3.1. Failure-Dependence Analysis

Based on the comprehensive consideration of Type I failure dependence and Type
II failure dependence, a multi-component failure-dependence model has been analyzed
in detail by the authors of [43]. This paper mainly relies on the analysis results of [43] to
establish the model. Figure 1 shows the failure influence path of a four-component system.
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For a failure-dependent multi-component system, each component’s real failure rate
comprises the individual and associated failure rates. The individual failure rate is usually
fixed in the design stage and cannot be changed in the practical stage, whereas the associ-
ated failure rate usually results from other components [46]; both the failure-dependence
coefficient and the number of failures will affect the associated failure rate. In terms of
a system consisting of q components, each component’s real failure rate is given by the
following equation [43]:

λa(t|r) = λa0(t|r) + ∑
b
[θab(t|r)][

mbλab(t|r)
2

] (1)

where λa(t|r) represents the actual failure rate of a single component; 1 ≤ a ≤ q and a ∈
N+; λa0(t|r) represent each component’s individual failure rate; λab(t|r) represents the associated
failure rate caused by component b on component a, with b ∈ {b|b = 1, 2, 3, . . . , q and b 6= a};
and θab(t|r) represents the failure impact factor of component b on component a, with
0 ≤ θab(t|r) ≤ 1. When θab(t|r) equals 0, it indicates that no correlation exists between
the components, and when θab(t|r) equals 1, it indicates that component b’s failure will
eventually result in the failure of component a. The variable mb represents the number of
failures of component b at a given time. Since the failure of component b affects both itself
and component a, the denominator in Equation (1) is 2.

3.2. Model Description

A two-component failure-dependence system has been taken as an example. The
system is comprised of a key component and the subsystem. Due to the short service
time during the basic warranty period, the failure rate is low. At this time, the use of
preventive maintenance will cause excess maintenance and increase the warranty cost.
Therefore, within the duration of a basic warranty, corrective maintenance is implemented
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for the system, whereas preventive maintenance is implemented in the EW period. For
the key component and the subsystem, their respective failure rates are represented as
λψ(t|r) and λs(t|r). Key component failure leads to an elevation in the subsystem failure
rate (related to type I failure dependence). The minimum maintenance is the total of all
corrective maintenance. The decision variables are the preventive maintenance interval
and the EW period. The decision goal is to obtain the lowest warranty cost per unit time,
and the constraint is the availability. Through a case analysis, the optimal 2D EW scheme
of the gearbox is obtained.

3.3. Model Assumptions

The assumptions on which the model is based are as follows:

(1) The components of the system are connected in series;
(2) The failure rate of the components increases with time and utilization rate;
(3) The preventive maintenance cost does not alter with the preventive maintenance time;
(4) The cost for a single corrective maintenance action does not change with the time and

frequency of the maintenance, and the component failure rate is not altered by such
maintenance.

4. Optimization Model Construction
4.1. Failure Rate Model

Generally, the reliability of a system is closely related to the utilization rate. In the
design stage, the reliability index is designed under a specific utilization rate. Therefore,
in the usage stage, a change in the utilization rate will inevitably lead to a change in the
reliability and failure rate. Based on this concept, this paper constructs the failure rate
function of components based on the accelerated failure time (AFT) model. Lawless [47]
exploited the accelerated failure time and proportional hazards models to investigate the
impact of utilization rate on system failure. The main assumption of the accelerated failure
time model is that the failure time is inversely proportional to the applied stress; that is,
the failure time of products under high stress is shorter than that of products under low
stress. It also assumes that the failure time distribution has the same form. In other words,
if the failure time of a product under high stress is an exponential distribution, then the
failure time under low stress is also an exponential distribution. The present method has a
theoretical foundation, and it has been extensively applied.

Assuming that Ts and Tr respectively represent the time to the first failure based on
the design rate of utilization rs and the real rate of utilization r, the computational formula
for their association is [36]:

Tr

Ts
= (

rs

r
)

γ
(2)

Suppose Fs(t; αs, ϕ) refers to the function of the cumulative distribution for failure
under rs, in which αs and ϕ respectively denote the scale parameter and shape parameter
of the failure distribution under the design utilization rate. For the actual utilization rate r,
the scale parameter of the cumulative failure distribution function of the system is [36]:

αr = αs(
rs

r
)

γ
(3)

where the AFT parameter γ ≥ 1. Based on this, for the utilization rate r, the cumulative
failure distribution function of the system can be written as [36]:

F(t; αr, ϕ) = Fs(t; αs(
rs

r
)

γ
, ϕ) (4)

Due to the fact that the shape parameter does not alter with the utilization rate, it is
neglected in the following expression. For the utilization rate r, the failure rate function of
the system is expressed as [36]:
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λ(t|r) = λ(t; αr) =
f (t; αr)

F(t; αr)
(5)

4.2. Imperfect Preventive Maintenance Strategy

Within the EW period, periodic imperfect preventive maintenance is adopted for the
components. The degrees of repair for imperfect preventive maintenance range from “bad
as old” to “good as new” [48]. This paper adopts the virtual age method for describing the
effects of imperfect preventive maintenance [49–51]. δ is the improvement coefficient of
preventive maintenance. The failure rate for the system at the kth preventive maintenance
interval can be depicted as:

λ(t|r) = λ[(t− δ(k− 1)T)|r] (6)

where T refers to the interval of preventive maintenance. The change in the component
failure rate after each imperfect preventive maintenance is shown in Figure 2.
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4.3. Corrective Maintenance Strategy

The corrective maintenance (minimum maintenance) strategy is adopted for the fail-
ure of components. A characteristic of minimum maintenance is that the NHPP (non-
homogeneous Poisson process) is obeyed by failures [30,52]. For the component, its antici-
pated number of failures over a period of time can be deduced as:

E[N(t|r)] =
∫ t

0
λ(s|r)ds (7)

where N(t|r) indicates the number of component failures in [0, t], and λ(s|r) signifies the
component failure rate.

4.4. 2D EW Cost Model

The duration of EW in the time dimension and usage dimension is denoted as We
and Ue, respectively. The duration of the basic warranty in the time dimension and usage
dimension is denoted as W and U, respectively. Then, according to assumption (6), the
shape parameters r2 and r1 of the EW area and the basic warranty area, respectively, are:

r2 =
Ue

We
, r1 =

U
W

(8)
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For the studied system, the number of imperfect preventive maintenance activities
during the EW duration is:

n = f loor
{
[WΦ(r)−WΘ(r)]/(T + Tp)

}
(9)

where “ f loor(•)” represents the rounding down function; Tp represents the time required
for imperfect preventive maintenance; WΦ(r) indicates the end time of the EW period
for the utilization rate r; and WΘ(r) indicates the start time of the EW period for the
utilization rate r. The values of WΦ(r) and WΘ(r) are decided by the value of r, as shown
in Figures 3 and 4.
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As shown in Figure 3, when r2 ≤ r1, WΘ(r) and WΦ(r) are piecewise functions with r:

WΘ(r) =
{

W rl ≤ r ≤ r1
U
r r1 ≤ r ≤ ru

(10)

WΦ(r) =
{

We rl ≤ r ≤ r2
Ue
r r2 ≤ r ≤ ru

(11)

where rl and ru are the minimum and maximum utilization rates, respectively.
Similarly, when r2 > r1, the 2D EW period of the multi-component system is shown in

Figure 4.
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Figure 4. Schematic diagram of EW period when r2 > r1.

As shown in Figure 4, when r2 > r1, WΘ(r) and WΦ(r) are piecewise functions with r:

WΘ(r) =
{

W rl ≤ r ≤ r1
U
r r1 ≤ r ≤ ru

(12)

WΦ(r) =

{
We rl ≤ r ≤ r2
Ue
r r2 ≤ r ≤ ru

(13)
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Within the EW period, the 2D EW cost for the studied system is mostly composed of
two parts: the preventive maintenance cost and the minimum maintenance cost. It can be
written as:

EC[T, WΦ(r), WΘ(r)] = nCp +
n

∑
k=1

EC f k(T) + EC f [WΘ(r) + n(T + Tp), WΦ(r)] (14)

where T is the interval of preventive (imperfect) maintenance, and EC f k(T) denotes the
anticipated minimum expenditure for maintenance in the kth preventive maintenance
interval. EC f [WΘ(r) + n(T + Tp), WΦ(r)] represents the expected minimum maintenance
cost within [WΘ(r) + n(T + Tp), WΦ(r)], i.e., the expected minimum maintenance cost from
the last imperfect preventive maintenance to the end of the EW period.

The computational formula for the key component failure rate within the interval of
the kth preventive maintenance is:

λkψ(t|r) =
{

λψ(t|r) k = 1

λψ{[t− δ(W+(k− 1)T] |r} k = 2, 3, 4, . . . , n
(15)

Due to the key component failure, the failure rate of the subsystem will increase to
some extent. According to the failure-dependence analysis in Section 3.1, the computational
formula for the subsystem failure rate within the interval of the kth preventive maintenance
can be written as:

λks(t|r) =


λs(t|r) + θ

2 mkψλkψ(t|r) k = 1

λs{[t− δ(W+(k− 1)T)]|r}+ θ{

k
∑

i=1
{miψλψ [(t−δ(W+(i−1)T)|r}

2 } k = 2, 3, 4, . . . , n

(16)

where mkψ represents the key component’s number of failures within the kth preventive
maintenance interval. The calculation formula of mkψ is:

When 1 ≤ k ≤ n:

mkψ =
∫
r

WΘ(r)+kT+(k−1)Tp∫
WΘ(r)+(k−1)(T+Tp)

λkψ(t|r) · g(r)dtdr (17)

When k = n + 1:

mkψ =
∫
r

WΦ(r)∫
WΘ(r)+n(T+Tp)

λkψ(t|r) · g(r)dtdr (18)

Given the connection of the key component and the subsystem in series in the studied
system, the total expected cost of the minimum maintenance includes two parts: the total
expected cost of the minimum maintenance for the key component and the total expected
cost of the minimum maintenance for the subsystems. In engineering practice, there are
different quantitative relationships between the EW period shape parameter r2 and the
basic warranty period shape parameter r1. Therefore, in the interval of the kth (1 ≤ k ≤ n)
preventive maintenance, the overall anticipated expenditure for the minimum maintenance
of the multi-component system needs to be discussed in two cases.

Case 1: When r2 ≤ r1, as presented in Figure 4, given the unfixed nature of the real
utilization rate, it is necessary to discuss the total expected expenditure for the system’s
minimum maintenance under different actual utilization rates.

(1) As shown in Figure 3a, when rl ≤ r < r2, the total expected cost of the minimum main-
tenance for the studied system within the interval of the kth preventive maintenance
is:
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EC f1k1(T) = C f 1

r2∫
rl

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λkψ(t|r) · g(r)dtdr + C f 2

r2∫
rl

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λks(t|r) · g(r)dtdr (19)

where C f 1 stands for the minimum maintenance cost of the key component, and C f 2
indicates the minimum maintenance cost of the subsystem.

(2) As shown in Figure 3b, when r2 ≤ r < r1, the total expected expenditure for the
studied system’s minimum maintenance within the kth preventive maintenance
interval is:

EC f1k2(T) = C f 1

r1∫
r2

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λkψ(t|r) · g(r)dtdr + C f 2

r1∫
r2

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λks(t|r) · g(r)dtdr (20)

(3) As shown in Figure 3c, when r1 ≤ r ≤ ru, the total expected expenditure for the
system’s minimum maintenance within the interval of the kth preventive maintenance
is:

EC f1k3(T) = C f 1

ru∫
r1

U
r +kT+(k−1)Tp∫

U
r +(k−1)(T+Tp)

λkψ(t|r) · g(r)dtdr + C f 2

ru∫
r1

U
r +kT+(k−1)Tp∫

U
r +(k−1)(T+Tp)

λks(t|r) · g(r)dtdr (21)

Then, when r2 ≤ r1, the total expected expenditure for the system’s minimum mainte-
nance within the kth preventive maintenance interval is:

EC1k(T) = EC f1k1(T) + EC f1k2(T) + EC f1k3(T) (22)

Case 2: When r2 > r1, as shown in Figure 4, similarly to r2 ≤ r1, it is necessary to
discuss the total expected cost of the minimum maintenance for the studied system within
the interval of the kth preventive maintenance under different actual utilization rates.

(1) As shown in Figure 4a, when rl ≤ r < r1, the total expected expenditure for the
system’s minimum maintenance within the kth preventive maintenance interval is:

EC f2k1(T) = C f 1

r1∫
rl

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λkψ(t|r) · g(r)dtdr + C f 2

r1∫
rl

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λks(t|r) · g(r)dtdr (23)

(2) As shown in Figure 4b, when r1 ≤ r < r2, the total expected expenditure for the
system’s minimum maintenance within the kth preventive maintenance interval is:

EC f2k2(T) = C f 1

r2∫
r1

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λkψ(t|r) · g(r)dtdr + C f 2

r2∫
r1

W+kT+(k−1)Tp∫
W+(k−1)(T+Tp)

λks(t|r) · g(r)dtdr (24)

(3) As shown in Figure 4c, when r2 ≤ r ≤ ru, the total expected expenditure for the
system’s minimum maintenance within the kth preventive maintenance interval is:

EC f2k3(T) = C f 1

ru∫
r2

U
r +kT+(k−1)Tp∫

U
r +(k−1)(T+Tp)

λkψ(t|r) · g(r)dtdr + C f 2

ru∫
r2

U
r +kT+(k−1)Tp∫

U
r +(k−1)(T+Tp)

λks(t|r) · g(r)dtdr (25)
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Then, when r2 > r1, the total expected expenditure for the system’s minimum mainte-
nance within the interval of the kth preventive maintenance is:

EC2k(T) = EC f2k1(T) + EC f2k2(T) + EC f3k3(T) (26)

Since the nth imperfect preventive maintenance time is not necessarily the end time
of the EW, the total expected cost of the minimum maintenance for the multi-component
system needs to be calculated separately from the nth preventive (imperfect) maintenance
commencement to the expiration of the EW, i.e., the total expected cost of the minimum
maintenance for the multi-component system in [WΘ(r) + n(T + Tp), WΦ(r)]. The analysis
process is similar to that of the total expected expenditure for the system’s minimum
maintenance within the interval of the kth preventive maintenance. Additionally, the
overall anticipated expenditures for the system’s minimum maintenance in [WΘ(r) + n(T +
Tp), WΦ(r)] are presented in Table 1.

Table 1. The minimum total expected maintenance cost in [WΘ(r) + n(T + Tp), WΦ(r)].

Symbol Expression

r2 ≤ r1

rl ≤ r < r2 EC f31
(T) C f 1

r2∫
rl

We∫
W+n(T+Tp)

λ(n+1)ψ(t|r) · g(r)dtdr + C f 2

r2∫
rl

We∫
W+n(T+Tp)

λ(n+1)s(t|r) · g(r)dtdr

r2 ≤ r < r1 EC f32 (T) C f 1

r1∫
r2

Ue
r∫

W+n(T+Tp)

λ(n+1)ψ(t|r) · g(r)dtdr + C f 2

r1∫
r2

Ue
r∫

W+n(T+Tp)

λ(n+1)s(t|r) · g(r)dtdr

r1 ≤ r ≤ ru EC f33 (T) C f 1

ru∫
r1

Ue
r∫

U
r +n(T+Tp)

λ(n+1)ψ(t|r) · g(r)dtdr + C f 2

ru∫
r1

Ue
r∫

U
r +n(T+Tp)

λ(n+1)s(t|r) · g(r)dtdr

r2 > r1

rl ≤ r < r1 EC f41
(T) C f 1

r1∫
rl

We∫
W+n(T+Tp)

λ(n+1)ψ(t|r) · g(r)dtdr + C f 2

r1∫
rl

We∫
W+n(T+Tp)

λ(n+1)s(t|r) · g(r)dtdr

r1 ≤ r < r2 EC f42
(T) C f 1

r2∫
r1

Ue
r∫

U
r +n(T+Tp)

λ(n+1)ψ(t|r) · g(r)dtdr + C f 2

r2∫
r1

Ue
r∫

U
r +n(T+Tp)

λ(n+1)s(t|r) · g(r)dtdr

r2 ≤ r ≤ ru EC f43
(T) C f 1

ru∫
r2

Ue
r∫

U
r +n(T+Tp)

λ(n+1)ψ(t|r) · g(r)dtdr + C f 2

ru∫
r2

Ue
r∫

U
r +n(T+Tp)

λ(n+1)s(t|r) · g(r)dtdr

Then, when r2 ≤ r1, the total expected expenditure for the studied system’s minimum
maintenance in [WΘ(r) + n(T + Tp), WΦ(r)] is:

EC3(T) = EC f31(T) + EC f32(T) + EC f33(T) (27)

When r2 > r1, the total expected expenditure for the studied system’s minimum
maintenance in [WΘ(r) + n(T + Tp), WΦ(r)] is:

EC4(T) = EC f41(T) + EC f42(T) + EC f43(T) (28)

In summary, the overall expected warranty expenditure within the 2D EW period can
be written as:

EC(T, We, Ue) =


nCp +

n
∑

k=1
EC1k(T) + EC3(T) r2 ≤ r1

nCp +
n
∑

k=1
EC2k(T) + EC4(T) r2 > r1

(29)
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4.5. 2D EW Availability Model

According to the definition of operation availability, the 2D EW availability for the
studied system can be expressed as:

EA(T, We, Ue) =
(We −W)− ED(T, We, Ue)

We −W
(30)

where ED(T, We, Ue) refers to the total anticipated downtime of the studied system within
the 2D EW duration. Its derivation process is similar to that of the total expected war-
ranty expenditure for the studied system within the 2D EW’s duration. Therefore, it is
only necessary to replace the minimum maintenance cost C f 1 of the key component and
the minimum maintenance cost C f 2 of the subsystem in Section 4.4 with the minimum
maintenance time Tf 1 of the key component and the minimum maintenance time Tf 2 of the
subsystem, respectively.

This paper aims to minimize the warranty cost per unit time in the 2D EW period
based on the constraint that the availability in the EW period meets the requirements of
users. Assuming that the availability requirement of the user for the multi-component
system is A0, then the system’s 2D EW model decision is:

minCa
s.t.
Ca =

EC(T,We ,Ue)+Cr
We−W

EA(T, We, Ue) ≥ A0
T > 0
We > W, Ue > U

(31)

where Cr is the multi-component system’s replacement cost. The optimal values of T, We,
and Ue can be obtained by using Equations (29)–(31).

5. Case Analysis
5.1. Problem Description

As a complex electromechanical system, an EMU system is composed of many multi-
component systems. There are functional and mechanical high-strength couplings and
high-density connections between the components, which makes it possible for failure
dependence. Taking a gearbox as an example, the failure of the bearing will enhance the
failure rate and aggravate the failure of the gear, as shown in Figure 5. In the gearbox,
the bearing can be regarded as the key component, and the gear can be regarded as the
subsystem. There is failure dependence between the bearing and the gear. The manu-
facturer offers a 2D EW for the gearbox. The formulation of the 2D EW contract of the
gearbox should meet the availability requirements and ensure the lowest EW cost for the
manufacturer.
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Since the gearbox has a low rate of failure within the duration of a basic warranty,
only the post-failure minimum maintenance can be considered. During the EW period, the
gearbox has been in service for a period of time, and the failure rate increases significantly.
Based on the minimum maintenance after failure, it is necessary to conduct imperfect
preventive maintenance. Through field investigation, we collected the failure history data
of the CRH6-200 gearbox, which is widely used in EMU systems in China. The data
included the time to first failure (year) and the kilometer at the failure time for the bearing.
We collected a total of 1000 groups of data and plotted a scatter diagram, as shown in
Figure 6.

Processes 2022, 10, x FOR PEER REVIEW 14 of 29 
 

 

 
Figure 6. Scatter diagram of failure distribution. 

The designed utilization rate sr  of this gearbox is 41 10 /KM year× . We plotted a 
histogram of bearing failure time as shown in Figure 7. As can be seen from Figure 7, 
when compared to the utilization rate, the time to the first failure of the bearing was sub-
ject to Weibull distribution, with the scale parameter 0 .7sα =  and the shape parameter 

1.1ϕ = . 

1.1
0 ( ; ) 1 exp[ ( / ) ] 1 exp[ ( / 0.7 ) ]s sF t t tϕα α= − − = − −  (32)

 
Figure 7. Histogram of bearing failure time  

For the rate of utilization r , the cumulative distribution function for bearing failure 
is: 

( ; , ) ( ; ( ) , ) 1 exp[ ( ) ]s
r s s

s s

r r tF t F t
r r

ϕ
γ γϕ

ϕα ϕ α ϕ
α

= = − −  (33)

In accordance with the AFT model presented in Section 3.1, the failure rate function 
of the bearing is: 

1( ; )( ; ) ( )
( ; )

r

s sr

f t r tt r
rF t

ϕ
γϕ

ψ ϕ
αλ ϕ

αα

−

= =  (34)

where the AFT parameter 1.2γ = . 

Figure 6. Scatter diagram of failure distribution.

The designed utilization rate rs of this gearbox is 1× 104 KM/year. We plotted a
histogram of bearing failure time as shown in Figure 7. As can be seen from Figure 7, when
compared to the utilization rate, the time to the first failure of the bearing was subject to
Weibull distribution, with the scale parameter αs = 0.7 and the shape parameter ϕ = 1.1.

F0(t; αs) = 1− exp[−(t/αs)
ϕ] = 1− exp[−(t/0.7)1.1] (32)
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For the rate of utilization r, the cumulative distribution function for bearing failure is:

F(t; αr, ϕ) = Fs(t; αs(
rs

r
)

γ
, ϕ) = 1− exp[−( r

rs
)

γϕ tϕ

α
ϕ
s
] (33)

In accordance with the AFT model presented in Section 3.1, the failure rate function of
the bearing is:

λψ(t; r) =
f (t; αr)

F(t; αr)
= ϕ(

r
rs
)

γϕ tϕ−1

α
ϕ
s

(34)

where the AFT parameter γ = 1.2.
We learned from the manufacturer that the gearbox utilization rate conforms to a

uniform distribution on (0.1, 10):
r ∼ U(0.1, 10) (35)

That is:
g(r) =

10
99

(0.1 < r < 10) (36)

It is known that the gearbox has a 2D basic warranty period with W = 2 years and
U = 2× 104 KM. The gear failure rate is λs = 4× 10−4/day. The minimum maintenance
time of the bearing is Tf 1 = 7 days, and the minimum maintenance cost is CNY 1500. The
minimum maintenance time of the gear is Tf 2 = 12 days, and the minimum maintenance
cost is CYN 2000. The time for preventive maintenance of the gearbox is Tp = 4 days, and
the cost of preventive maintenance is CNY 600. The imperfect preventive maintenance
improvement factor is δ = 0.6. The maintenance experience and data analysis indicate that
a bearing failure will increase the gear failure rate, and the failure influence coefficient is
θ = 0.5. The availability of the gearbox should not be less than 0.6 in each replacement
cycle (EW period). By solving the optimal interval of preventive maintenance and cycle of
replacement, the minimum warranty cost per unit time of the gearbox in the replacement
cycle can be obtained with the availability meeting the requirements.

5.2. Model Solution
5.2.1. The Grid Search Method

Firstly, the grid search method was adopted for solving the model. This method is
also called the enumeration method, and its principle is relatively simple. By setting the
value range and changing the steps of decision variables, all possible combinations of the
decision variables can be obtained, and each combination represents a scheme. Firstly,
whether the combination of the decision variables meets the constraints is judged, and then
combinations that meet the constraints are bought into the objective function in turn. By
comparing the value of the objective function, the optimal scheme is obtained. Considering
the actual situation, the value of the preventive maintenance interval T of the gearbox was
[0.1 years, 4 years], and the change step was 0.6 years. The value range of the EW period
We was [2.5 years, 12 years], and the change step was 2 years. The value range of the EW
period Ue was [2.5× 104 KM, 12× 104 KM], and the change step was 2× 104 KM. The
replacement cost of the gearbox was CNY 36,000. The models of the 2D EW cost per unit
of time and availability were simulated by employing the grid search method, based on
which changes in the warranty cost per unit time and the availability were derived within
the EW periods We, Ue, and T. The algorithm’s basic steps are presented in Table 2.
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Table 2. The basic steps of the GS algorithm.

Algorithm—Basic Steps of GS
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The grid search method was executed for 175 iterations. The results show that when
We = 8.5 years, Ue = 6.5 × 104 KM, and T = 0.1 years, the warranty cost per unit time within
the EW period was the lowest, which was 128,708 CNY/year, and the availability was
0.8584.

5.2.2. The PSO–BAS Algorithm

Three variables were involved in this example, and the solving process of the grid
search method had low efficiency and poor accuracy. This paper used the PSO–BAS
algorithm to enhance the grid search method. Particle swarm optimization (PSO) is a group
collaboration-based algorithm that is created through the mimicry of avian foraging. At
its core, PSO attempts to allow the disorder-to-order evolution of the entire swarm in the
problem-solving space by exploiting the inter-swarm individual sharing of information.
The key formula of the algorithm is:

vd
i = wvd-1

i + c1r1(pbestd
i − xd

i ) + c2r2(gbestd
i − xd

i ) (37)

where vd
i represents the velocity of particle i in step d; w represents the inertia weight; c1

and c2 represent the learning factor; r1 and r2 are usually random numbers within [0, 1];
xd

i represents the position of particle i in step d; and pb estd
i and gb estd

i stand for the best
position of the individual and group, separately. According to the formula, the speed of the
particle in step d was affected not only by its own speed inertia, but also by self-cognition
and social cognition. This mechanism promoted the algorithm with the purpose of finding
the global optimal solution in the set of feasible solutions.
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Then, the position of the particle in step d + 1 is:

xd+1
i = xd

i + vd
i (38)

As a meta-heuristic algorithm following the foraging principles of longicorn beetles,
the fundamentals of the beetle antennae search (BAS) algorithm is that longicorn beetles
determine the next direction by judging the odor intensity received by their two antennae.
Through combining the PSO algorithm with the BAS algorithm (i.e., PSO–BAS) and treating
each particle as a longicorn beetle, the longicorn beetle particles will turn before each
position update, which can efficiently improve the algorithmic searching capacity both
globally and locally. In the iterative process, the fitness function value of the left antenna is
compared with that of the right antenna, and the better one is used to update the direction
of the longicorn beetles, thereby improving the global searching capacity and preventing
the algorithm from falling into local optima.

The specific steps of the PSO–BAS algorithm are:
Step 1: Population initialization is performed. The position xd

i and speed vd
i of the

longicorn particle are set in step d. The maximum speed is vmax, and the minimum speed is
vmin; the distance between the two antennae of the longicorn beetle is q, and the maximum
number of iterations is K.

Step 2: For every longicorn particle, its corresponding value of fitness is calculated,
and pb estd

i and gb estd
i of the longicorn particles are updated.

Step 3: The longicorn particle speed vd+1
i is updated according to Equation (37).

Step 4: Taking the position of the current particle as the centroid of the longicorn, the
orientation of the individual longicorn is generated randomly:

→
b =

rands(k̂, 1)
|rands(k̂, 1)|

(39)

where k̂ is the spatial dimension and rands(·) is the random function. In this case, k̂ was 3.
Step 4: To determine the position of the left and right antennae of longicorn particles,

the calculation formula is:
xld

i = xd
i −

→
b · ud/2 (40)

xrd
i = xd

i +
→
b · ud/2 (41)

where, xld
i and xrd

i are respectively the position of the left antenna and the right antenna
of the longicorn particle. The term ud represents the distance between the left and right
antennae of the longicorn beetle in the d iteration. If ud is larger, the longicorn particle
can search in a larger range, and ud usually becomes smaller and smaller as the iteration
progresses. The ud is given by Jiang [4] as ud = 0.95ud−1 + 0.01 and u1 = 2. The linear
decreasing weight strategy was adopted to set the step factor ϑ to ensure that the longicorn
particles could include the current search area and avoid the algorithm from falling into
local minima, i.e., ϑ = ϑd · eat, d = (0, 1, . . . , K), eat ∈ (0, 1). The fit(xld

i ) and fit(xrd
i ) terms

respectively represent the odor concentration to be received by the left antenna and right
antenna, where fit (·) is the fitness function. The perceived speed of a longicorn antennae is:

ξd+1
i = ϑd ·

→
b · sign[ f it(xrd

i )− f it(xld
i )] (42)

where sign(·) is a symbolic function, and its definition formula is:

sign(x) =


−1 x > 0
Keep the current direction x = 0
1 otherwise

(43)
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The location-updating formula of the longicorn particles is as follows:

xd+1
i = xd

i + ∂ · vd+1
i + (1− ∂) · ξd+1

i (44)

where ∂ is the speed weight, and its value is between 0 and 1.
In this case, We, Ue, and T were taken as longicorn particles, the EW cost per unit time

was taken as the fitness function, and the constraints of the availability were considered.
For this case, the flow chart for applying the PSO–BAS algorithm is shown in Figure 8.
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The fundamental algorithmic procedure is presented in Table 3.
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Table 3. The basic steps of the PSO–BAS algorithm.

Function: PSO–BAS pseudo code in this example
Note: this example aims to solve the minimum value
Parameter: N is the population size
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Table 4. The initial values of the algorithm parameters.

Parameters Value

SwarmSize 30
Speed weight ∂ 0.6
Inertia weight 0.9

SelfAdjustmentWeight 1.49
SocialAdjustmentWeight 1.49

MaxIterations K 175

To show the advantages of the PSO–BAS algorithm, the PSO algorithm and PSO–BAS
algorithm were respectively used to solve the optimal EW scheme of the gearbox system.
Similar to the grid search algorithm, the PSO algorithm and PSO–BAS algorithm underwent
175 iterations. Figure 9 depicts the lowest 2D EW cost per unit time found by the two
algorithms with increasing iterations.
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In accordance with Figure 9, as the PSO–BAS algorithm iterates, the 2D EW cost
per unit time of the gearbox continued to decrease. When the algorithm reached the
35th iteration, the optimal value of 126,305 CNY/year was found, and the optimal value
remained stable until the end of the iteration. The optimal 2D EW period corresponding to
this value was (8.4years, 7.2 × 104 KM) with the optimal preventive maintenance interval
T being 0.3 years.

For the PSO algorithm, when it reached the 20th iteration, the optimal value of
127,812 CNY/year was found, and the optimal value remained stable until the end of
the iteration. The optimal 2D EW period corresponding to this value was (8.4 years,
6.9 × 104 KM), and the optimal interval of preventive maintenance T was 0.1 years. A com-
parison between the grid search method, the PSO algorithm, and the PSO–BAS algorithm
is presented in Table 5.

Table 5. Algorithm comparison.

Algorithm
Variables, Results, or Evaluation Indicators

We Ue T EC EA Operation Time

Grid search method 8.5 6.5 0.1 128708 0.8584 266 s
PSO 8.4 6.9 0.1 127812 0.8601 140 s

PSO–BAS 8.4 7.2 0.3 126305 0.87 121 s

It can be found from Table 6 that the EW scheme with a lower EW cost per unit time
and a higher system availability can be obtained through the PSO–BAS algorithm with
improved operational efficiency. In addition, it can be seen from Figure 9 and Table 6 that
although the PSO algorithm converges quickly, it easily falls into the local optima. The
PSO–BAS algorithm effectively improves the global search capability of the PSO algorithm
and stops it from falling into the local optima.
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5.3. Result Analysis
5.3.1. Dimension Reduction Analysis

We was fixed to 8.5 years, and Ue was fixed to 10.5 × 104 KM. Then, the variation in
the EW cost per unit time and system availability with the preventive maintenance interval
T was obtained.

It can be seen from Figure 10 that with an increase in T, the EW cost decreased first
and subsequently increased, and the availability increased first and subsequently reduced.
Meanwhile, there was an optimal T that made the EW cost per unit time the lowest or the
availability the highest.
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Next, T was fixed to 0.1 years, and the change in the EW’s cost per unit time and the
system availability with the EW period was obtained.

According to Figure 11, when the preventive maintenance interval was fixed, there
was an optimal EW period that minimized the EW cost per unit time or maximized the
system availability.
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Figure 11. Dimension reduction analysis when T was fixed. (a) Warranty cost as a function of the
two-dimensional warranty period. (b) Availability as a function of the two-dimensional warranty
period.

Through the analysis in Section 4.2, the optimal preventive maintenance interval under
different 2D EW periods could be obtained, as shown in Table 6.
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Table 6. The optimal 2D EW scheme (unit: years).

Ue/×104 KM
We/Years

2.5 4.5 6.5 8.5 10.5

2.5 0.7 3.1 2.5 3.1 3.7
4.5 0.1 0.1 0.1 0.1 0.1
6.5 0.1 0.1 0.1 0.1 0.1
8.5 0.1 0.1 0.1 0.1 0.1

10.5 0.7 0.7 0.7 0.7 0.7

The EW cost per unit time and the system availability under different EW schemes are
presented in Tables 7 and 8, separately.

Table 7. The EW cost (unit: 104 CNY/year).

Ue/×104 KM
We/Years

2.5 4.5 6.5 8.5 10.5

2.5 39.57 39.14 39.11 39.11 39.10
4.5 13.83 13.19 13.14 13.13 13.13
6.5 13.62 12.94 12.89 12.87 12.88
8.5 15.55 14.92 14.88 14.87 14.86

10.5 16.36 16.25 15.87 16.60 16.49

Table 8. The system availability.

Ue/×104 KM
We/Years

2.5 4.5 6.5 8.5 10.5

2.5 0.9896 0.9932 0.9915 0.9914 0.9917
4.5 0.9543 0.9502 0.9463 0.9445 0.9425
6.5 0.8762 0.8713 0.8678 0.8621 0.8584
8.5 0.7653 0.6610 0.6632 0.6587 0.7712

10.5 0.7538 0.7306 0.7851 0.7336 0.7413

In practical applications, the optimal warranty cost per unit time and the system
availability under different EW periods can be estimated, which provides a scientific basis
for formulating the warranty strategy.

5.3.2. Comparative Analysis

(1) According to the analysis in Section 4.2, the 2D EW period was (8.4 years, 7.2 × 104 KM),
and the preventive maintenance interval was 0.3 years. To verify the impact of imper-
fect preventive maintenance on reducing the EW cost and improving system availabil-
ity, this paper compared the EW cost and the system availability of the gearbox system
when only adopting corrective maintenance, and the gearbox system when adopting
both corrective maintenance and imperfect preventive maintenance. When the system
did not carry out preventive (imperfect) maintenance within the EW duration, i.e., the
preventive maintenance interval was set to 8.4 years, the corresponding EW cost per
unit time and the system availability were as follows:

We = 8.4 years, Ue = 7.2× 104 KM, T = 8.4 years, EC = 244312CNY/year, EA = 0.52

When the 2D EW period was (8.4 years, 7.2 × 104 KM), the strategy formulated in this
paper was to adopt both corrective and preventive maintenance during the EW duration,
with the optimal anticipated interval of preventive maintenance being 0.3 years. Meanwhile,
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the warranty cost per unit time and the system availability during the EW period were as
follows:

We = 8.4 years, Ue = 7.2× 104 KM, T = 0.3 years,
EC = 126305CNY/year, EA = 0.87

As shown in Figure 12, after adopting the imperfect preventive maintenance strategy,
the EW cost per unit time was reduced by 48%, and the system availability was increased
by 67%, thus attaining a win-win between the manufacturers and the users.
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(2) This paper considered the failure dependence between the bearing and the gear. If
the failure dependence between the components was ignored, assuming that θ = 0,
the EW period and the preventive maintenance interval that minimized the EW cost
per unit time could be calculated according to the model. The EW cost per unit time
and the system availability under this scheme were as follows:

We = 10.5 years, Ue = 8.5× 104 KM, T = 1.7 years, EC = 103124CNY/year,
EA = 0.94

As shown in Figure 13, when assuming that there was no failure dependence between
components, the optimal EW period and the preventive maintenance interval were longer,
the corresponding EW cost per unit time was lower, and the system availability was
higher. Although the results seem to be better, the assumption of independent failure was
unrealistic, so the calculation results were inconsistent with the actual situation. It also
proved that ignoring failure dependence will lead to unacceptable analysis errors and
decision errors, which will unrealistically lower the manufacturer’s anticipation of the cost
and elevate the user’s expectations of system availability.
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5.4. Sensitivity Analysis

In the model established in the current work, the failure-dependence coefficient θ and
the imperfect preventive maintenance improvement factor δ will have a certain impact
on the EW cost per unit time and the gearbox availability. To investigate the impact, a
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sensitivity analysis was carried out for θ and δ, and the variation trend of the EW cost per
unit time and the availability for the gearbox are shown. The analysis of this part is shown
in Figure 14.
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5.4.1. Failure-Dependence Coefficient θ Impact Analysis

We was fixed to 8.5 years, Ue was fixed to 10.5 × 104 KM, and θ was changed. The
change in the EW cost per unit time and the availability of the gearbox with T under
different θ are shown in Figure 15(a1,b1), respectively. Next, T was fixed to 0.1 years, and θ
was changed. The change in the EW cost per unit time and the availability of the gearbox
with (We,Ue) under different θ are shown in Figure 15(a2,b2), respectively.
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ability as a function of the change in θ.
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As shown in Figure 15, the larger θ was, the higher the EW cost of the gearbox and
the lower the availability. This was mainly because the larger θ was, the greater the
impact of the bearing on the failure of the gear was, and the higher the expected minimum
maintenance times of the gear were. This contributed to the enhancement of the warranty
cost of the gearbox and the decrease in availability.

Meanwhile, with an increase in the preventive maintenance interval and the EW
period, the difference in the gearbox EW cost or system availability under different θ
increased. This was mostly due to the fact that longer preventive maintenance intervals
or EW periods corresponded with an increase in the expected failure times of the bearing,
an increase in the actual failure rate of the gear, an increase in the expected minimum
maintenance times, a higher EW cost for the gearbox, and a lower availability. Since the
failure-dependence coefficient is determined in the design stage of a system, manufacturers
should focus on the failure dependence between components and strive to reduce the
failure-dependence coefficient. Only in this way can the warranty cost of the system be
reduced and the system availability be improved during the warranty period.

5.4.2. Improvement Factor δ Impact Analysis

We was fixed to 8.5 years, and Ue was fixed to 10.5 × 104 KM. Then, the change in the
EW cost per unit time and the availability of the gearbox system with T under different δ
values are shown in Figure 16(a1,b1), respectively. Next, T was fixed to 0.1 years, and the
change in the EW cost per unit time and availability of the gearbox system with (We,Ue)
under different δ values are shown in Figure 16(a2,b2), respectively.
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It can be seen from Figure 16 that the larger δ was, the lower the cost of the gearbox EW
cost, and the higher the availability. This was mostly due to the fact that larger δ values cor-
responded with better effects of imperfect preventive maintenance on reducing the system
failure rate and a lower expected minimum maintenance times of the gear. This increased
the availability of the gearbox system and decreased the warranty cost. The imperfect
preventive maintenance improvement factor δ generally reflects the maintenance level of
the manufacturer. Thus, the manufacturer can pursue a higher improvement coefficient δ
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for preventive (imperfect) maintenance by improving the quality of maintenance workers,
improving the maintenance technology, and strengthening technological innovation.

6. Conclusions

Based on a multi-component failure-dependence analysis, this paper comprehensively
considered preventive maintenance and corrective maintenance, and established a two-
dimensional extended warranty cost model per unit time and an availability model for
the multi-component system by using imperfect preventive maintenance theory and non-
homogeneous Poisson process theory. By taking the lowest warranty cost per unit time
as the goal and the availability as the constraint, a two-dimensional extended warranty
decision-making model was established. In the case analysis, a grid search algorithm,
PSO algorithm, and PSO–BAS algorithm were used to obtain the optimal two-dimensional
extended warranty scheme for the gearbox of an EMU system. It was found that using a
PSO–BAS algorithm could obtain a two-dimensional extended warranty scheme with a
lower warranty cost and a higher availability. Through comparative analysis, the necessity
of imperfect preventive maintenance during the two-dimensional extended warranty
period was verified. In the case of imperfect preventive maintenance, the cost of a two-
dimensional extended warranty per unit time was reduced by 48%, while the availability
was increased by 67%. In addition, it was also verified that ignoring failure dependence
will lead to unacceptable analysis errors. The analysis results showed that the model
established in this paper has good practicability and effectiveness, and could provide a
quantitative analysis method for the two-dimensional extended warranty decision making
of a failure-dependence system. A manufacturer could use the model proposed in this
paper to obtain a two-dimensional extended warranty scheme that could enable a win-win
situation for the buyer and the seller of the failure-dependence multi-component system.
The sensitivity analysis results showed that in the design stage, manufacturers should
pay attention to the failure dependence between components and strive to reduce the
failure-dependence coefficient. In addition, manufacturers should pursue higher imperfect
preventive maintenance improvement factors. The following meaningful directions can be
considered for future research:

(1) More complex failure dependencies between system components should be consid-
ered, such as common cause failure, interactive failure, and retained redundancy.

(2) The failure dependence and economic dependence among multiple components
should be considered comprehensively to make warranty decisions.

(3) Considering market factors, the joint decision making of two-dimensional extended
warranty schemes and pricing should be carried out.
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Nomenclature

Variables
W Basic warranty period of time dimension under design utilization
U Basic warranty period of usage dimension under design utilization
We Extended warranty period of time dimension under design utilization
Ue Extended warranty period of usage dimension under design utilization
T The interval of preventive (imperfect) maintenance
t The calendar time
r Component of system utilization
Ts The time of the first failure based on the design rate of utilization rs
Tr The time of the first failure based on the real rate of utilization r
δ Imperfect preventive maintenance improvement factor
θ Failure-dependence coefficient
αr Scale parameter of the failure probability density function
γ The AFT parameter
mkψ Failure times of the key component within the interval of the kth preventive maintenance
Functions
WΘ(r) The start time of the EW period for the utilization rate r
g(r) Probability density function of utilization r
EC(T, a, b) Two-dimensional extended warranty cost in (a, b)
λkψ(t|r) The key component failure rate within the in-terval of the kth preventive maintenance

for the utilization rate r
λks(t|r) The subsystem failure rate within the interval of the kth preventive maintenance for

the utilization rate r
f (t; αr) Failure probability density function for the utili-zation rate r
F(t; αr) Reliability function for the utilization rate r
WΦ(r) The end time of the EW period for the utilization rate r
λa(t|r) The real failure rate of the component a for the utilization rate r
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