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Abstract: An important task for estimators is to solve the inverse. However, as the designs of different
estimators for solving the inverse vary widely, it is difficult for engineers to be familiar with all of
their properties and to design suitable estimators for different situations. Therefore, we propose a
more structurally unified and functionally diverse estimator, called generalized inverse solver (GIS).
GIS is inspired by the desired dynamics of control systems and understanding of the generalized
inverse. It is similar to a closed-loop system, structurally consisting of nominal models and an
error-correction mechanism (ECM). The nominal models can be model-based, semi-model-based, or
even model-free, depending on prior knowledge of the system. In addition, we design the ECM of
GIS based on desired dynamics parameterization by following a simple and meaningful rule, where
states are directly used in the ECM to accelerate the convergence of GIS. A case study considering a
rotary flexible link shows that GIS can greatly improve the noise suppression performance with lower
loss of dynamic estimation performance, when compared with other common observers at the same
design bandwidth. Moreover, the dynamic estimation performances of the three GIS approaches (i.e.,
model-based, semi-model-based, and model-free) are almost the same under the same parameters.
These results demonstrate the strong robustness of GIS (although by means of the uniform design
method). Finally, some control cases are studied, including a comparison with DOB and ESO, in
order to illustrate their approximate equivalence to GIS.

Keywords: generalized inverse; desired dynamics; error-correction mechanism; estimator;

disturbance observer; extended state observer

1. Introduction

Estimation algorithms are required to process incomplete and imperfect information
provided by the sensors, thereby allowing for reconstruction of a reliable estimate of the
whole system state in the case where not all state variables are directly measurable [1,2].
Thus, the estimator plays a decisive and crucial role for decision-making, control, measure-
ment, and detection applications, among others. A very important task of estimators is to
solve the inverse; for example, solving the inverse of the system, finding the derivatives of
each order of the system, and obtaining the disturbances can all be achieved by solving
the inverse. In terms of control, several common observer types with this function are
the full-state observer (FSO) [3], disturbance observer (DOB) [4], extended state observer
(ESO) [5], high-gain observer (HGO) [6,7], and so on.

In practical engineering, it is often necessary to design estimators based on a prior
knowledge of the system, hardware conditions, and the engineering domain knowledge.
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However, the design principles of different estimators mentioned above vary widely. It
is difficult for engineers to be familiar with all of their properties and to design a suitable
estimator. Therefore, a practical estimator that is structurally unified and functionally
interchangeable is urgently required. This estimator should have such characteristics that it
should follow the same approach structurally even in different cases, and it must be capable
of being adjusted functionally to different model information and estimation requirements.

For this, we first further review the basic principles of common observers for estimating
the inverse. FSO has a long history, the most representative of which is the Luenberger
observer (LO) [8,9]. More complex structures were later derived for different systems and
application situations, such as nonlinear systems [10,11], networks [12,13], and chaotic
systems [14]. Regardless of which FSO is involved, almost all information of the model
is used. Therefore, it is dependent on the detailed model of the system and, thus, is less
robust. Even though the DOB is somewhat robust in the case of model perturbation, it has a
single function and a cumbersome design process for non-minimum phase systems [15,16],
as it directly solves the inverse of nominal model. ESO does not depend on a detailed
model [17,18]. The total disturbances are estimated by continuous integration of the
estimation error; hence, its ability to estimate is limited. HGO also does not depend on
a specific model [19,20], but uses a single function and does not make good use of the
model information, when available. Some scholars have also been interested in comparing
the performance among different estimators [1,21-23], such as LO, HGO, sliding-mode
observers, robust state estimator, and ESO. Furthermore, studies combining different
algorithms to solve the same problem have also been presented, such as the DOB and
Kalman filter (KF) for motion [24], HGO and ESO for a quadrotor [25], KF and DOB for
DFIG [26], and mixed estimators [27,28], among others.

After extensive theoretical and applied research on various types of observers, we
propose a more structurally unified and functionally diverse estimator, called general-
ized inverse solver (GIS). GIS is inspired by the desired dynamics of control systems and
understanding of the generalized inverse. The generalized inverse enables various esti-
mation functions. GIS is an estimator that is structurally similar to a closed-loop system,
consisting of nominal models and an error-correction mechanism (ECM). Specifically, the
nominal model can be model-based, semi-model-based, or even model-free depending on
the prior knowledge of the model information. In addition, we design pole placement for
the ECM of GIS, based on desired dynamics-based parameterization [5,29], where states
are directly used in ECM to accelerate convergence of GIS. The dynamics of the GIS are
assigned through desired dynamic equation proportional-integral-derivative (DDE PID)
control [29-32], which eventually tunes the dynamics of GIS to more standardized desired
dynamics by following a simple rule. The behavior of GIS is easier to analyze based on
these desired dynamics, and this method of desired dynamics-based parameterization is
easy to tune and physically meaningful. In addition, GIS builds a bridge through which
the functional transformation between different observers can be realized. We then con-
ducted a case study, which shows that GIS can greatly improve the noise suppression
performance with little losses of dynamic estimation performance. Moreover, different
GISs can be designed, according to the amount of knowledge of the system model. The
dynamic estimation performance of these different GISs is almost the same, illustrating
the strong robustness of GISs(although by means of the uniform design method). Finally,
some control cases are studied, including a comparison with DOB and ESO to illustrate
their approximate equivalence with GIS. Assuming the same knowledge of the system, GIS
is compared with DOB and ESO to estimate the performance of the system, both separately
and in the control loop.

Focusing on above problems, the paper provides the following contributions:

(1) A novel estimator, named generalized inverse solver (GIS), which is more structurally
unified and functionally diverse, is presented. Using GIS to solve the generalized
inverse, many estimation problems can be solved; for example, solving the inverse
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of the system, finding the derivatives of each order of the system, and obtaining
the disturbances.

(2) A desired dynamics-based parameterization method is proposed to correct the esti-
mation error of GIS, where states are directly used in the error-correction mechanism
(ECM) to accelerate the convergence of GIS. This method is simple and physically
meaningful, called desired dynamics-based GIS. Besides, the nominal models in
GIS can be model-based, semi-model-based, or even model-free depending on prior
knowledge of the system.

(38) Case studies of rotary flexible link are presented through the simulation, in order to
test the performance of GIS in comparison with that of other observers. Some control
cases are studied, including a comparison with DOB and ESO, in order to illustrate
their approximate equivalence with GIS.

The reminder of this paper is organized as follows: Section 2 further clarifies the
research issues. Section 3 introduces the basic idea and structure of GIS. Section 4 presents
three asymptotic properties under Assumption 3. A desired dynamics-based parameteriza-
tion is proposed in Section 5, which is used to tune the ECM of GIS. The stability of GIS is
proven under Theorem 1 in Section 6. Case studies of GIS, in order to test and compare its
performance with that of common estimators, are detailed in Section 7. Some discussions
and conclusions are provided in Section 8. Finally, Appendix A details the fundamentals of
DDE PID. Appendix B gives the proof of Theorem 1. Appendix C provides the proof for
Corollary 1 of Theorem 1.

2. Problem Formulation

Observers work by combining the knowledge of the system, the control signal 1, and
the output signal y , providing an estimate superior to that which can be obtained when
using a feedback device alone. As shown in Figure 1, the observer augments the sensor
outputs and provides feedback signals y., such as the disturbance, inverse, and derivatives.
d in Figure 1 represents the lumped disturbances and their estimate. Undoubtedly, y and u
are necessary for observers. The requirement of knowledge regarding the system varies
from observer to observer, as mentioned in Section 1.

__________ — —— =

measured y

measured u opser

Model-based?
Semi-model-based?

2
_Inverse f Model-free?
Yc  Disturbances ?

o
Derivatives ?

\ /

Figure 1. The observer problem.

As mentioned in [29], a single-input single-output process can be depicted as a general
system, as follows:

Z?Z_Ot ﬁisi

Z?:() ‘Xisi ’

=

= GP(S) = fJ'B(S) =9 an =1, ,Bn—t =1, (1)
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where n, v, and $) are defined as the order of denominator, the relative degree, and the
h1gh frequency gain, respectively; the symbol s denotes Laplace operator; and the notation
% indicates usmg the Laplace transform for x, that is, % = £(). Note that coefficients
a;i(i=1,2,. 1),Bi(j=12,...,n—t—1),and $ are usually unknown.

Assumption 1. The numerator and the denominator of the transfer function G, (s) are relative
primes, and the unobservable and uncontrollable modes are asymptotically stable

Under Assumption 1, a minimal realization of (1) can be given in terms of a triplet
Y.(A,B,C):
x = Ax + Bu,

y_cx, @)

where x represents the state vector of system (1). More generally, an accurate model of (2)
is almost unavailable. A nominal model is expressed as } (A, Bx, Cy), whose frequency
domain representation is G,. A common observer of }_(A;, By, C;;) can be designed as:

Xe = AnXe + Bau + L(y — e),

3
Ye = Crxe, )

where L means the observer gain, and x, and y. are the estimate state vector and estimate
output vector, respectively. ESO is a special case of (3) when the nominal model is of the
integral series type (i.e., G, = S%). The total disturbance estimated by ESO is written as:

F=pess / (y — ye)dt, @

where .4, is the extend observer gain. Moreover, it is well-known that a DOB can estimate the
disturbance precisely if it stays within the bandwidth of the DOB’s low-pass filter Q ([4,15]).
The disturbance estimated by the DOB is expressed as:

d=Q(G, "9 —n), )

It is obvious, from (4) that ESO is a model-free or model-independent method, while
DOB is based on finding the inverse of G,. The higher the precision of the inverse, the
more accurate the disturbance estimate. Therefore, ESO and DOB represent two extreme
examples of perturbation estimation. There are many scenarios in practical engineering
where nominal models have low accuracy, such as when nominal models are constructed
when knowing only information such as the cutoff frequency or time scale of the system.
Here, we call such methods semi-model-based. This is the estimation problem encountered
in the vast majority of practical scenarios.

The aim of this paper is to design a solver adaptable to different knowledge of the
system, called generalized inverse solver (GIS). We divide it into three types: Model-based,
semi-model-based, and model-free. If we have an accurate model a priori, GIS takes the
accurate model as the nominal model. If we only have an approximate model, GIS can be
designed based on the approximate model. If no model knowledge is known, GIS considers
the integral series model as the nominal model. Note that we hope that, no matter which
type of model information is assumed, a unified and simple tuning method can be used. In
addition, disturbance, inverses, and derivatives are estimated simultaneously, once the GIS
parameters are tuned.

3. Fundamentals of General Estimator

It can be seen, from Figure 2a, that GIS mainly contains two parts—the error-correction
mechanism E and nominal model G,;, combining blocks in cascade from G, to G, where
m denotes the relative order of G,;. The error-correction mechanism E mainly aims to tune
the desired dynamics of GIS. GIS is intended to estimate the inverse, derivatives, and
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disturbances, which depends on the design requirements of the control system and prior
knowledge of the nominal model. y., shown in Figure 2a, is the controlled output vector
with respect to time, consisting of y,1 to y.,; (the estimated values of the corresponding
intermediate variables) and f (the disturbance); that is,

o1
yC = (]/elr]/ezr]/e3r cee /ye(m—l)/yem/f) . (6)

Yo represents the virtual measured output vector versus time, consisting of y,1 to yem;
that is,

]/v = (yvlr ]/v2/ yv?)r .. /yy(m71)/yvm)—r- (7)

GIS, as an estimator, is usually arranged in the loop (see Figure 2b). The inputs of GIS
are measured or are available variables y and u. The input-output relationships of GIS are

expressed as:
Je) Gi, — Gzl
(y}) Gl 3U

E

G\ ——( 0\ ®)
= (G;) (EP *EB) (9{;) *Ggu,
——r
G Ue

where G and E denote the transfer matrices of the generalized system and the ECM,
respectively. The three sub-matrices of G, G; G, and G3 , are expressed as:

Gnm o Gn2Gnl Gnm e GnZGnl 0
G”(mfl) --- GG Gn(mfl) ...GnGn "
Gn(mfz) o GG Gn(m—Z) o Gn2Gnl 0
Gi=T : , G =T, . ,Gs = 1 , )
Gn2Gn1 ' 0
Gnl GnGZGnl L
1 nl mx1 0

(m+1)x1 (2m+1)x1

where T; and T, are transformation matrices. Generally, T; is an identity matrix, and T is
a diagonal matrix.

1 0 0 0 0
0 sGum 0 0 0
0 0  sGunGypm-1) --- 0 0

Lh=|. . : . : (10)
0 0 0 oo $"DGL Gty - Ga 0
0 0 0 0 s DGunGm-1y---G2)
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(" General Estimator )
y )
o> I
1%,

\ »f e

u g IBL
e ;j

(a)

4 dI,” ; y\
u | '
°_"0"_>; Gp1 P Gpz 2] Gpe 'i'j

1 1

/ General Estimator \

o

(b)

Figure 2. General estimator block diagrams: (a) the structure of the generalized inverse solver;
(b) GIS in the closed loop.

Under (10), Gy can be simplified as:
Gz - . Gnm...GnZGnl. (11)

It is obvious from (8) and (11) that y, is the time derivative vector of y,; from order 0
up to order m — 1.

We propose the desired dynamic equation proportional-integral-derivative (DDE PID)
for the ECM E. Appendix A details the principle of DDE PID. The key step is the use
of an integral action in (A9) and (A8) to estimate and reject the influence of f. Thus, E,
transformed from (A12) and (A14), can be denoted as:

1y — 1
EZ((PHE b) —(P+I1¥ D Dy Dm1)>’ 12)

Er Ep

where the parameters are as shown in (A12).
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We obtain the transfer matrices from y to y, and from y to y. as:

Hysy, = Go(1+ EpGy) 'Ep, (13)
1
Gy (Er —Eg ( )
( E ) Hyy, (14)

= G1Er — G1E3G2(1 + EBGz)ilEp.

Theorem 1. For a certain gain |, mentioned in Appendix A, if filter bandwidth k — oo, mentioned
in Appendix A, then we have

lim f = f. (15)
k—oo0
Proof. Theorem 1 is proved in Appendix B. [

Corollary 1. Under Theorem 1, we have the eigenvalue Equation (A6) of the closed-loop system
G, satisfying:

o
h(s)’

where k is Gg,s is said to be the desired dynamics of the closed-loop system.

lim Gy = Ggpe = (16)
k—o0

Proof. Corollary 1 is proved in Appendix C. O

Remark 1. Theorem 1 and Corollary 1 reveal that the closed-loop dynamic of GIS assigned by DDE
PID will eventually approach desired dynamics Gg,s with k approaching infinity.

4. Asymptotic Analysis

Assumption 2. The functions ye (t) and y(t) and their time derivatives yé?(t) and yO (t) of
order i exist, where i € N and they are continuous up to order q with t € [tg, tp], ta, ty > 0,t, > fg,
ie., ye1(t), y(t) € Cllty, tp).

Definition 1. Let di°[ye1(t), y(t)],, be considered a weighted distance of order q induced directly
by the L norm to measure the proximity between the two functions y.1 (t) and y(t):

() =y ()

, (17)

9
00 e .
A7 lya (), y (o := 1 @i max.
where @; > 0 is the weight coefficient and
-
@ = (@, @1,...,@,...04_1,@g) , (18)
is the corresponding weight vector.

Remark 2. The distance defined by (17) is induced directly by L™ norm. Another norm-induced
distance, such as that induced by the LP norm, can be represented as:

1/p
i i P
AOEERIO! dt) p>1. (19)

q b
A lyer (8), y (1) = Z(J‘”f(/t:

It is obvious that any norm-induced distance contains the derivatives of the function, mainly
as it can well-consider the oscillation of the function in the distance. Functions with small
b [yer (t), y(t)], may greatly differ due to oscillations causing a large d¥ [ye1 (t),y(t)] o, > 1. q,
p, and @ can be selected according to the specific problem.
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Definition 2. The set of all functions y, (t), whose distance d;(ye1(t),y(t)),, from the function
y(t) is less than a positive number & in the closed interval t € [t,, ty], is called the 6-neighborhood
of function y(t) in the closed interval t € [tg, ty], denoted by

Nq(é,y(t)) = {yel(t)lyel(t) € Cn[tartb]rdq(yel(t)/y<t))w < 5}' (20)

For y,1(t) € Ng(6,y(t)), yer (t) and y(t) are said to be with & approach degree .
Assumption 3. N;(J,y(t)) is NOT an empty set; that is,
@G Ny(d,y(t)) Vo >0. (21)
Furthermore, we assume

lim et (1) = y(t) yer (1) € Ny (6, y(1)) 22

Remark 3. Assumption 3 explains that always there is a set of tuning parameters of error-correction
mechanism E that allows the output of GIS, y,1(t), to approach its input, y(t), for a given nominal
model Gy, combining blocks in cascade from G to Gup.

Property 1. GIS with Definition 2 has the following properties:

(1)
lim % = G (23)
=0 Y
(2)
lim o _ Gy. (24)
6—0 7
(3) In particular, if the nominal model of the controlled system is integral series type, i.e.,
Gl =G = ... = Guy = 1/s, Gy in (24) can be rewritten as Gs: that is,
. Yo
lim = = Gs, 25
o 5 (25)
where
1
1
71@;,; » s
Gn(mfl)G”m s2
G4 = : ’ G5 = . . (26)
Gy G -+ Gy 1) G smfi
~1~-1 -1 - "—
G2 Gys - Goy1) G . s mx1

Proof. Under Assumption 3 and if initial conditions are all zero, the Laplace transform
of (22) is:
lim .1 = 7. (27)
0—0

Multiplying the inverse of the given nominal model and rearranging terms, we have

lim (Gun - GuaGm) " Je1 = (Gum - GGt ) ™',

fe G (28)
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Multiplying the transfer matrix G, of (28), we obtain:
o
Gn
il
lim 27 = G,G; !,
=0 Y —— (29)
Gy
lim yTU = Gy
=0 Y

When the nominal model of the controlled system is integral series type (i.e.,
G =G =...= Gy =1/s), Gy is rewritten as Gs. [

Remark 4. The above three propositions above explain the three functions of GIS under Assumption 3.
Although they are ideal, the basic properties reveal that estimates of the inverse, intermediate variables,
and derivatives can be transformed into each other.

5. Desired Dynamics-Based Parameterization

Note that the principle of DDE PID is described in Appendix A. A binomial form of
the desired dynamic is usually recommended:

1

Gips i = ———r,
des (S/we+1)m

(30)

where w, is the bandwidth of the desired dynamic of GIS, and m is the relative order of the
nominal model. An obvious relationship can be concluded from (16) and (30)

| .
M om i=1,2,. . m— 1. (31)

hi = Cuwe' A=

Futhermore, k is the filter bandwidth mentioned in (A9). A common relation is used.

7= % € (0,1]. (32)

We propose a simple and practical method of parameterization (12) based on the

desired dynamic (30) for the GIS, named desired dynamics-based GIS. The three tuning

parameters of GIS: w,, k, and I. These parameters are clear and easily tunable in engineering
terms. Algorithm 1 summarizes a tuning method for GIS.

Algorithm 1: An algorithm to tune desired dynamic-based GIS via frequency response.

Input: Cut-off frequency wp. of the plant;
Output: w,, k and [;
Define: Specifications of tracking !;
Set: v (32);
Initialize: w, < wyc, | < $;
Set: Update of w,, Aw, (Aw, > 0), update of 1, Al (I- Al < 0);
while Specifications NOT met do
while Specifications NOT met do
Compute the specifications;
Apply update: | < 1+ Al
Apply update: we — we + Aw,.

O o g S U R W N =

[=))

. Stability

The system in (A2) and (A5) can be rewritten in state space form, with an error defined

as f=f —f,as:
z= Hz+ Nr+Ef, (33)
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. T
where z = (21,22,...,2¢-1,2¢) ' -

0 1 0 0 0
0 0
0 0 1 0 0 0 0
H:= N=|:|[,E=]:
0 0 0 1 0 0 0
O 0 0 - 0 1 ho 1
—hy —h —hy -+ —hep —heg

Note that H is a Routh-Hurwitz matrix.
Corollary 2. Under Theorem 1, the closed-loop of GIS assigned by DDE PID is stable.

Proof. Construct a Lyapunov function of (33) with continuous first-order partial derivative,
as V(t) :== z' Pz, where P is a positive definite matrix satisfying H' P + PH = —I and
where I denotes the identity matrix. Take the first derivative of V() with respect to time
and setr = 0:

V(t)=2"Pz+2"Pz
=1 (HTP + PH)z +2E" Pzf
34)

—llz|l2 + ZETsz

IN

2
etz + o]+
Izllz+ 0| ETPz| +5

where J is positive. By defining two ¢_ and ¢ as the minimum and maximum eigenvalues
of P, respectively, we obtain the following.

0<g-llzll2 < V() <PTllzll2, Nlzlla #0, ¢- <¢T, 9,97 €R™. (35)

It is obvious, by combining (34) and (35), that

: 1 opt f?
g —- .
V(t) < ¢+V(t)+ . V(t) + 5 (36)
Letd < (5;)2 and define K as
1 épt
= — -1 (37)
ot P
Then, (36) can be rewritten as
. f2
V(t) < —KV(t) + 5 (38)
Therefore, the following is true for any t > t.
t g
V() < e Ktv(ty) e K= 2(1ydr. (39)

+ —
6 Jty
Combining (35) and (39), we obtain

¢-llzll2 < e XV (to) + % / KD (), (40)

fo
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Then, it is obvious that
t Kt 2
Vi)  J et fHT
leflo < | Y10 4 T e K. (41)
¢- ¢
Under conclusion (15) of Theorem 1, (41) is reduced to
Vito) _
Jally < LU0kt (42)

Consequently, GIS is stable. The proof is complete. [

7. Case Studies
7.1. Estimation Problem for Rotary Flexible Link

We consider the system of a rotary flexible link, which abstractly represent the vibration
problems of wind-turbine blades, flexible wings, solar panels, and manipulators, among
others. The rotary flexible link model is shown in Figure 3a. The base of the flexible link
is mounted on the load gear of the servo system. The servo angle, 6, increases positively
when it rotates counter-clockwise (CCW). The servo (and thus the link) turn in the CCW
direction when the control voltage is positive (i.e., Vi > 0).

Yo

<« T
. | I N XO
(a)
7,0 a =
« «
[
m Beq Ks BL
(b)

Figure 3. Rotary flexible link: (a) rotary flexible link angles; (b) rotary flexible link model.

The flexible link system can be represented by the diagram shown in Figure 3b. Our
control variable is the input servo motor voltage, V;;,. This generates a torque, 7, at the load
gear of the servo that rotates the base of the link. The viscous friction coefficient of the servo
is denoted by B,,. This is the friction that opposes the torque being applied at the servo
load gear. The friction acting on the link is represented by viscous damping coefficient B;.
Finally, the flexible link is modeled as a linear spring with stiffness K.
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Example 1. The equations that describe the motions of the servo and the link with respect to the
servo motor voltage (i.e., the dynamics) are obtained using the Euler—-Lagrange equation:

2L oL

For this system, let generalized coordinates g; be

g() = (u(t) q@0) =60 a@)’, (44)

where, as shown in Figure 3a, 6(t) is the servo angle, and «(t) is the flexible link angle. The
Lagrangian of a system is defined as:

L=T-V
1. 1. 1
= 5Jeg0® + 510+ )? = SKa?, (45)
N——
T 14

where T is the total kinetic energy of the system, and V is the total potential energy of the
system. The generalized forces Q; are used to describe the non-conservative forces (e.g.,
friction) applied to a system, with respect to the generalized coordinates. In this case, the
generalized force acting on the rotary arm is

Q:=(Q1 @)’

| . (46)
:(T—Beqe —Bﬂk) ,

where the torque applied at the base of the rotary arm (i.e., at the load gear) is generated by
the servo motor, as described by the following equation:

= UgKgﬂmkt(Vm — ngme)

= : @)

where the parameters are denoted in Table 1.

Table 1. Description of some model parameters.

Symbol Description Value Variation
high-gear equivalent viscous dampin:

Beg coifﬁfc;ieenteq e P8 0.015N - m/(rad/s)
B, viscous damping coefficient negligible
g geabox efficiency 0.90 +10%
Hm motor efficiency 0.69 +£5%
Jeq high-gear equivalent moment of inertia  2.08 x1073 kg - m?
i flexible link moment of inertia 0.0038 kg - m?
K high-gear total gear ratio 70

8 low-gear total gear ratio 14
K stiffness 13N -m /rad
km motor back-emf constant 7.68 x1073 V/(rad/s) +12%
k¢ motor current-torque constant 7.68 x1073 N - m/A +12%
R motor armature resistance 260 +12%

For Example 1, a sinusoidal input signal V,;, with a frequency of 10 7t rad/s and
an amplitude of 50 V is acted on, while output signals 6 and « are measured. The total
duration of the simulation is 1 s, and a measurement noise with a power spectral density
of 0.0005 is added at 0.5 s. GIS estimated the system dynamics under the three strategies
(i.e., model-based, model-free, and semi-model-based). To be fair and convincing, the
performance of GIS was tested and compared for each of these three strategies against
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classical observers of equal bandwidths. The model-based observers were FSO and DOB,
and the two model-free observes were HGOs and ESO. The details of these observers are
provided in Table 2.

Table 2. Parameters of observers.

Function Bandwidth/(rad/s)

Type Observer Parameters
Derivatives Disturbances T7+——0 7T+«
Yo = 0.1
1 Ya =01
GIS Vv v 1007t 1007t lp = 10
model- b = 001
based FSO [21] Vv 1007t 1007t
bandwidth
DOB [15] Vv of the filter,
1007t
Yo = 0.1
2 Yo = 0.1
GIS v Vv 1007t 1007t I = 10
l, = —0.01
bandwidth
1 .
model- HGO! [21] Vv of the filter,
1007t
free
HGO? [21] Vv 1007t 1007t
weg = 100077
ESO [5] v v 00r 100w T01000n
g =
l, = —0.01
Yo = 0.1
model- 3 Yo = 0.1
weak GIS v v 1007t 1007t I = 10
I, = —0.01

The model-based GIS, denoted as GIS?, corresponds to Property 1 (1) and (2), while
the model-free GIS, denoted as GIS?, corresponds to Property 1 (1) and (3). Furthermore,
the semi-model-based GIS, denoted as GIS®, was proposed to test the robustness and
practicality in the engineering of GIS. Generally, GIS® is based on a nominal model with
large variations from the controlled system. Note that the tuned parameters of GIS® are the
same with that of GIS!.

Figure 4a,b show comparisons of the model-based methods: GIS! and FSO. They
present the same tracking dynamic characteristics at the same bandwidth; however, we
should emphasize that GIS! showed better high-frequency noise suppression, especially for
measured variables, 6 and «, and disturbances, fy and f,. In addition, for GIS?, although
the mathematical description of the controlled system was used as the nominal model, the
specific information of the controlled system was not taken into account in the parameteri-
zation, instead, the desired dynamic-based parameterization mentioned in Section 5 was
adopted. Thus, a dynamic bias in estimating the disturbance was also observed.
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Figure 4. Estimated states of model-based observers: (a) derivatives; (b) disturbances.

Figure 5a,b showthe results of the model-free methods; that is, GIS?, HGO!, HGO?,
and ESO. None of these methods utilized information from the model in the design process,
and they all had the same design bandwidth. It can be seen that GIS? still presented
the best overall performance for the same bandwidth. More interestingly, HGO! and
GIS? showed the same noise suppression performance when estimating 6 and a, while
HGO! performed poorly when estimating § and &. In contrast, HGO? had the same noise
suppression performance as GIS? when estimating 6 and &, but performed poorly when
estimating 6 and a. The noise suppression performance of ESO for each variable was not
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satisfactory. In terms of the disturbance estimation, GIS? was similar to the ESO, in terms
of dynamic performance and noise suppression, except that ESO showed a little lag.

_5 0 10.2 04 0.6 | |
0 0.2 0.4 0.6 0.8 1
tls

(b)

Figure 5. Estimated states of model-free observers: (a) derivatives; (b) disturbances.

Finally, we tested semi-model-based GIS in the condition of a nominal plant with a
100% increase in inertia. We also compared the GIS under the three estimation strategies,
as shown in Figure 6a,b. An unusual conclusion is that the dynamic performance of the
estimated states designed under these three strategies was almost the same. This not only
demonstrates the feasibility of the GIS structure and the desired dynamic-based param-
eterization method, but also indicates its strong robustness and applicability. Interesting
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conclusions can likewise be drawn from Figure 6b. For the three types of GISs, GISZ, which
did not use any information from the model, had the smallest value for the disturbance
estimation, while GIS!, which utilized information from the model, had the smallest value
for the disturbance estimation. The result for GIS® was exactly in-between. For a given
controlled system, when we know more about its dynamics, the smaller the disturbance to
be estimated, the smaller the estimation burden on the estimator, and, ceteris paribus, the
higher the estimation accuracy.

GiIs'

| —a1s® — = GIs?
‘

0 0.2 0.4 0.6 0.8 1
t/s

Figure 6. Estimated states of three types of GIS: (a) derivatives; (b) disturbances.

7.2. Estimation Problem in Control
7.2.1. GIS vs. DOB

When the nominal model of the controlled plant is known and there is only one
nominal model (i.e., G, = G,;; = Gyp), U, becomes the estimated inverse of the model. In this
case, GIS is equivalent to the DOB of the disturbance observer-based control (DOBC), and
GIS can estimate the inverse of the nominal model by a simple and indirect inverse method.

We demonstrate the disturbance rejection performance in two cases—a minimum
phase system and a non-minimum phase system—in order to illustrate the approximate



Processes 2022, 10, 2193

17 of 24

equivalence of DOB and GIS with the model-based approach. The design of DOBC in
reference [15] considers an SISO linear minimum-phase system, with system and nominal
models are given by the following.

Example 2.
s+3
== 48
P 24 55+4 (48a)
s+1
= 48b
T2 425541 (48b)

The design and tuning principal of filter Q(s) followed reference [15] where, according
to the design guidelines, the filter Q(s) can be selected as a first-order low-pass filter with a
steady-state gain of 1; that is:
Qls) = —1_, (49)
s+ wy
where wy is the bandwidth of filter Q(s). More specifically, only the disturbance estimation
of DOBC (i.e., the disturbance rejection performance) is considered. For this simulation
scenario, a step external disturbance d was considered. Figure 7 shows that the GIS-based
DOBC had the same performance as the disturbance rejection with original DOBC for a
minimum phase system.

1.5 ‘
DOB

1F — - — - GIS based DOB
>
0.5+
0 1 I
0 2 4 6 8 10
0
S -10 7
20 ‘ ‘ ‘ ‘
0 2 4 6 8 10

Figure 7. The curves of response y and control output u with a step external disturbance for Example 2
under DOBC and GIS-based DOBC.

Example 3.
0.8(—0.1s+1) g5

Cr=Cn= B DA+

(50)

For a non-minimum phase system, DOBC needs to divide G, into two parts: A
minimum phase sub-system, G,—, and an all-pass sub-system, G,,. However, GIS-based
DOBC requires no tedious decomposition. The simulation of Figure 8 suggests that GIS-
based DOBC is also approximatly equivalent to DOBC for a non-minimum phase system.

—0.1s+1

_ Yo+ —05s
Ot = 9111 ¢ (51a)
~08(0.1s+1)
G- = (3s+1)(1.5s + 1)’ ©1b)
k
Q= ) (52)

s+k
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Figure 8. The curves of response y and control output u with a step external disturbance for Example 3
under DOBC and GIS-based DOBC.

7.2.2. GIS vs. ESO

Nest, we considered the case where the nominal model of the controlled system is a
double integral series type ( G,;1 = by/s and G,p = 1/s). In this case, GIS is equivalent to
the ESO of ADRC. y,» and 1, are the estimated derivative information of the integral series.
GIS realizes estimation of the derivatives and total disturbance. The control, which replaces
ESO in ADRC with GIS, is denoted GIS-based ADRC.

We demonstrate the performance of the disturbance rejection in a second-order system
to illustrate the equivalence of ADRC and GIS-based ADRC. The system and nominal
models are given by the following.

Example 4.
1

(1+5)(1+02s)"

For this case, the tracking and disturbance rejection performance was compared. In this
simulation scenario, a unit step of set-point from 0 to 1 was added at time 0, and a lumped
step perturbation occured at time 3. Figure 9 shows that the GIS-based ADRC presented
the same performance as ADRC, in terms of both tracking and disturbance rejection.

1.5 ‘ ‘
1+ N —
>

05r

0 I I I
0 1 2 3 4 5 6

ADRC
— = — - GIS based ADRC

10
< 0
-10
-20 ‘ ‘ “ ‘ ‘
0 1 2 3 4 5 6

t/s

Figure 9. The curves of response y and control output u with a unit step of set-point and a centralized
step disturbance for the Example 4 under ADRC and GIS-based ADRC.

8. Discussion

In this paper, we proposed a novel estimator, called the generalized inverse solver (GIS)
and a matching desired dynamics-based parameterization method. GIS is an estimator
which is similar to a closed-loop system, structurally consisting of nominal models and
an error-correction mechanism (ECM). Specifically, the nominal model can be model-
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based, semi-model-based, or even model-free, depending on prior knowledge of the model
information. In addition,we designed a pole placement for the ECM of GIS based on desired
dynamics-based parameterization, where states are directly used in ECM to accelerate the
convergence of GIS. The dynamics of GIS are assigned by the desired dynamic equation
proportional-integral-derivative (DDE PID) control, which eventually tunes the dynamics
of GIS to a more standardized desired dynamics by following a simple rule. In addition, GIS
builds a bridge structurally through which the functional transformation between different
observers can be realized. Its fundamentals, asymptotic properties, and convergence were
discussed. Furthermore, a rotary flexible link was simulated with GIS. Different estimation
methods were compared with GIS under the same design bandwidth, indicating that
GIS can greatly improve the noise suppression performance with little loss of dynamic
estimation performance. Moreover, different GISs can be designed according to the amount
of prior knowledge of the system. The dynamic estimation performance of the different GIS
approaches was almost the same, illustrating the strong robustness of GISs (although by
means of the uniform design method). Finally, some control cases were studied, including
a comparison with DOB and ESO to illustrate their approximate equivalence to GIS.

GIS is simple and easy to tune. In the paper, we mainly discussed its basic character-
istics. Its frequency characteristics and time domain representation remain to be further
investigated. In addition, the form of the desired dynamics can be more diversified. For
example, a combination of non-linear algebraic equations and linear dynamic equations
can be introduced to describe the desired dynamic. More meaningfully, the case studies in
this paper are mainly linear systems. The issues of control for different plants (especially
nonlinear systems) and different constraints, thus deserve further exploration.
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Abbreviations

The following abbreviations are used in this manuscript:

DDEPID Desired Dynamic Equation proportional-integral-derivative;

DOB Disturbance observer;

DOBC Disturbance observer-based control;
ECM Error-correction mechanism;

ESO Extended state observer;

FSO Full-state observer;

GIS Generalized inverse solver;

HGO High-gain observer;

KF Kalman filter;

LO Luenberger observer.
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Appendix A. The Principle of DDE PID
Assumption Al.

(1)  The relative degree v is known.

(2)  The spectrum of the polynomial B(s) is in the open left half-plane.

(3)  The sign (%)) of the high frequencies gain $) is known.

(4)  The measure of the output variable y(t) and of its time derivatives y'*) (t) of order i is available
up to order vt — 1.

The normal form of the system (2) can be obtained by defining the following new coordinates.

zi:=CA lx, i=1,...,¢,

. (A1)
wii=x, i=1,...,n—rt

In the new coordinates (A1), we obtain the system in the normal form, which has the
following structure.

Zi =12z, 1=1,...,t—1,

t—1 n—t—1

Ze=—) Cizig1— ), diwig +9Hu,
i=0 i=0

wi:wiH, i:1,...,n—t—l, (AZ)
n—t—1

Wy = — Z biwi-'rlzll
i=0
Yy =z

The equation describing the dynamics of z. can be rewritten as follows:

Ze = f(z1, ..., 20, W1, .., Wo—v, U) +1u, (A3)

t—1 n—c—1
f(z1,00 20, W, oo, Wy, U) = — Z CiZit1 — 2 diwi1+ (H—1Du, (A4)
i=0 i=0
where | is an estimate of ) and o () = o(9).

Assumption A2. The state vector is measurable and the values of coefficients c¢;,i = 0,...,
vt—1,d;,i=0,...,n—v—1,and $ are known, ie.,l = .

Under Assumption A2, a possible control law for the tracking of (A2) is as follows:
1 t—1
u 227 hor - Z hizi+1 - f
i=0

1 t—1 t—1 n—t—1 (A5)
=7 hor — Y hizign+ ) cizign+ Y, diwigq |
i=0

i=0 i=0
where r is a reference signal for the tracking and #;,i = 0,1, ...,v — 1, are suitable positive
constants. Equation (A5) guarantees that the eigenvalues of the closed-loop system (A2)
and (A5) coincide with the roots of i(s) and B(s), with the following being the case.

t .
h(s):=ho+his+-+h_1s" '+ =Y hs', he=1 (A6)
i=0
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Substituting (A5) into (A3) yields a desired dynamic:

i h
]/aies = Gies(s) = WE) (A7)

As Assumption A2 may not hold in reality, the control law (A5) cannot be actually
implemented. A possible way to overcome this difficulty is the use of an integral action
to reject the influence of term f, as in the following proportional-integral-derivative (PID)
control law, which is proposed here for the stabilization of (A2):

u: (hor Z hiziyq — ) (A8)

where

f:§+kzt/

& = —k& — Kz, — klu. (49)

where k is a filter bandwidth. Substituting (A9) to (A8), we obtain the following.

t—1
(f = —k <h01’ — 2 hizi+1> . (AlO)

i=0

Integrate both sides of (A10), it is obvious that

g:-k(ho/ r—20)dt — Zh;) (A11)
Combined with (A11), (A8) can be rewritten as follows:

k(ho J(r—z1)dt = T3] hiz; — Zr) (ho(r —z1) -} hiZiJrl)

u = i + I
ho+ Ky, Kh t‘l hi + kh; kh
_ o+ 1, O/dt %ZM _Tlr, he =1 (A12)
&I, S\ e
t—1

=Pe + I/edt — Z Djziiq — br,
i=1

where ¢ := v — z7 and

p —lot k.
1
1 :@/
‘ | (A13)
Dl. h1+;(hl+l, htzll 1:1,2, /t_l/
khy
b=

As the goal is to approach the desired dynamic (A7) by estimate f in (A9), the control
law denoted as (A12) is called a control method of the desired dynamic equation PID (DDE
PID). Particular, if v equals 2, which means that the process can be regarded as a general
second-order system, the parameters of DDE PID can be evaluated as follows.
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plotHi,
(A14)
ptuk
~khy
b *T.

Appendix B. The Proof of Theorem 1
Proof. The Laplace transform of (A9) is denoted as follows.
2 _ A k N )
foet (A15)
s¢ = —k& — K2 — kin.

Substituting the second equation into the first one and merging terms, we obtain

the following.
s k. X
Combined with (A3), (A16) is rewritten as follows.
f= g (A17)
s+ k7

Taking the limit of k on both sides of (A17), we obtain the following.

. k
lim f = li
g f=lim oS (A18)

=f.

The proof is complete. [

Appendix C. The proof of Corollary 1
Proof. Substituting (A8) into (A3), we obtain the following.

t—1
zet Y hizign = hor + (f — f). (A19)
i=0
Taking the Laplace transform of (A19) and rearranging the terms yields the following.

:ﬁwg_ﬂ+@w (A20)

~> <

Taking the limit of k on both sides of (A20) yields the following.

lim 7 = lim (héy (f—f) + Gdes>. (A21)

k—oo T k—o0

Under the conclusion (A18) of Theorem 1, (A21) is reduced to the following.

lim 7 = lim Gy
k—oo ' k—oo (A22)
=Gles

The proof is complete. [
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