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ABSTRACT 

A set membership estimator (SME) based on limited number of measurements is proposed for estimating 
metabolite concentrations using dynamic flux balance models (DFBMs). To deal with multiplicity of solu-
tions of the DFBM, a weighted primal dual method is used to find solutions that best fit the data.  Multipar-
ametric nonlinear programming is applied to propagate uncertainty in initial concentrations along a 
batch/fed-batch operation. The proposed method has been applied to E. coli batch and fed-batch fermen-
tation without noise. 
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1. INTRODUCTION 

Dynamic flux balance models (DFBMs) are one type of 
genome-based structural models that has gained attention in 
recent years due to their ability to describe the bioprocess with 
fewer tuning parameters in comparison with other modelling 
techniques. In DFBMs, cells are regarded as optimizing agents 
able to distribute resources to maximize/minimize a biological 
objective. Accordingly, DFBMs models can be formulated as a 
linear programing (LP) constrained optimization problem 
which solution serves as input to mass balances of metabolites.  

However, due to multiplicity of solutions of the LP, the 
possible trajectories of the state variables, i.e. metabolites con-
centrations, for given initial condition are not unique for 
DFBMs. In a previous investigation by the authors, a weighted 
primal dual method (WPDM) was used to solve the multiplic-
ity problem by introducing the weights that drive the optimi-
zation search to solutions that best fit the experimental data 
[1]. The WPDM approximates the LP by nonlinear convex pro-
gramming. To propagate uncertainty in initial bounds on con-
centrations during the batch multiparametric nonlinear pro-
gramming is applied to convert the system into a variable 
structure one. 

 A set membership estimation approach is used based on 
few available measurements to estimate bounds for all states. 
The proposed methods have been applied to fed-batch and 
batch fermentation of E. coli model. 

2. METHODS 

2.1 Dynamic Flux Balance Models. 
The governing equation of DFBMs can be defined as Eq. 

(1) – Eq. (3) [2]. 

𝑥𝑘+1 = 𝐵(𝑢𝑘 , 𝑥𝑣𝑜𝑙,𝑘)𝑥𝑘 + Δ𝑡𝑥𝑏𝑖𝑜,𝑘𝑆𝑣𝑘  (1) 

   +ℎ(𝑢𝑘 , 𝑥𝑣𝑜𝑙,𝑘)     

𝑦𝑘 = [𝑥𝑏𝑖𝑜,𝑘  𝑥𝑣𝑜𝑙,𝑘]
𝑇

        (2) 

𝑥0 ∈ 𝓅0         (3) 

where xk is state vector of nx state variables at time step k, in-
cluding state biomass concentration xbio,k and volume xvol,k. Δ𝑡 
is discrete time step size. S is stoichiometry matrix of meta-
bolic reactions. vk is metabolic flux. B and h are matrix -valued 
and vector-valued functions of input variable uk and volume. 
In this research, we assume biomass concentration and vol-
ume can be measured. The initial states are uncertain but are 
known to lie within the set 𝓅0. 

The flux vk is obtained by solving LP in Eq. (4): 

min
𝑣𝑘

𝑐𝑇𝑣𝑘 

Subject to  𝐴𝑣𝑘 ≤ 𝐹𝜃𝑘(𝑥𝑘 , 𝑦𝑘 , 𝑢𝑘) + 𝑏          (4) 

where matrix 𝐴 ∈ ℝ𝑚×𝑛𝑥  and 𝐹 ∈ ℝ𝑚×𝑛𝜃  are constant matrix 
and b is constant vector. c is objective coefficient vector. 𝜃𝑘 =
𝐻(𝑦𝑘 , 𝑢𝑘)𝑥𝑘 + 𝑔(𝑦𝑘 , 𝑢𝑘) . 𝐻(𝑦𝑘 , 𝑢𝑘)  and 𝑔(𝑦𝑘 , 𝑢𝑘)  are matrix -
valued and vector-valued functions of input variable uk and 
measurements.  

2.2 Weighted Primal Dual Method 
Multiplicity of solutions is frequently observed in DFBM 

in view of insufficient number of constraints. Since the solu-
tion of LP is usually not unique for Eq. (4), different trajecto-
ries can be obtained by different LP solvers. To deal with the 
multiplicity issue, a weighted primal dual method (WPDM) 
was proposed in a previous work by the authors [1]. The 
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WPDM involves the addition of a weighted barrier function 
into the optimization cost as per Eq. (5), where w are interior-
point weights and z are slack variables. µ is set as a very small 
number, 𝜇 = 1𝑒−8. For simplicity, subscript k is omitted. Since 
the WPDM has strictly convex form objective, the solution is 
unique. When multiple solutions coexist in the original LP de-
fined in Eq. (4), different unique solutions can be obtained 
corresponding to different weights. The weights in WPDM are 
calibrated to fit available experimental data. 

min
𝑣

𝑐𝑇𝑣 − 𝜇 ∑ 𝑤𝑖 ln(𝑧𝑖)

𝑚

𝑖=1

 

                        Subject to  𝐴𝑣 + 𝑧 = 𝐹𝜃 + 𝑏     (5) 

            𝑧 > 0    

2.3 Multiparametric Programming 

2.3.1 Multiparametric Nonlinear Programming  
Since θ in Eq. (5) varies with time step k, θ can be re-

garded as varying parameters. Accordingly, Eq. (5) can be 
treated as a multiparametric nonlinear strictly convex pro-
gramming problem defined as follows: 

min
𝑣

𝑓(𝑣, 𝜃) 

                        Subject to  𝐺𝑣 < 𝐾𝜃 + 𝑑  

                                           𝐺𝑒𝑣 = 𝐾𝑒𝜃 + 𝑑𝑒       (6) 

                                               𝜃 ∈ 𝛩    

Assume the 𝛩 can be divided into 𝑛Θ nonoverlapping sets as 
𝛩1, …, 𝛩𝑛Θ. These sets are defined as critical regions. For given 

𝜃0 in a critical region 𝛩𝑗, the corresponding optimal solution 
is 𝑣0. So at 𝜃0 and 𝑣0, the solution can be approximated by a 
local quadratic programming problem as Eq. (7) [3]. 

min
𝑣

1

2
(𝑣 − 𝑣0)𝑇𝑄(𝑣 − 𝑣0) + (𝐿𝑇 + (𝜃 − 𝜃0)𝑇𝑁)(𝑣 − 𝑣0)

+ 𝑟(𝑣0 , 𝜃0) 

                        Subject to  𝐺𝑣 < 𝐾𝜃 + 𝑑  

                                           𝐺𝑒𝑣 = 𝐾𝑒𝜃 + 𝑑𝑒       (7) 

                                               𝜃 ∈ 𝛩𝑗    

where 𝐻 = ∇𝑣𝑣
2 𝑓(𝑣0, 𝜃0) ,  𝐿 = ∇𝑣𝑓(𝑣0, 𝜃0) , 𝑁 = ∇𝜃𝑣

2 𝑓(𝑣0 , 𝜃0) , 

 𝑟(𝑣0, 𝜃0) = 𝑓(𝑣0 , 𝜃0) + ∇𝜃
𝑇𝑓(𝑣0, 𝜃0)(𝑣 − 𝑣0) +

1

2
(𝜃 −

𝜃0)∇𝜃𝜃
2 𝑓(𝑣0, 𝜃0)(𝜃 − 𝜃0) . The optimal solution of Eq. (7) has 

affine form as 𝑣𝑗 = 𝐴𝑄
𝑗

𝜃 + 𝑏𝑄
𝑗
, where superscript j denotes that 

for each critical regions a different analytical expression can be 
used to calculate the optimum. Different published multipar-
ametric nonlinear programming codes can be used to obtain 
the constant matrix 𝐴𝑄 and 𝑏𝑄. The critical regions can be fur-

ther divided into smaller critical regions to improve the solu-
tion accuracy. 

2.3.2 Variable Structure System 
 The state equation in Eq. (1) can be rewritten as Eq. (8) 

and Eq. (9). 

𝑥𝑘+1 = 𝐵(𝑢𝑘 , 𝑥𝑣𝑜𝑙,𝑘)𝑥𝑘 + Δ𝑡𝑥𝑏𝑖𝑜,𝑘𝑆(𝐴𝑄
𝑗 𝜃𝑘 + 𝑏𝑄

𝑗 ) 

  +ℎ(𝑢𝑘 , 𝑥𝑣𝑜𝑙,𝑘)         (8) 

𝜃𝑘(𝑥𝑘 , 𝑦𝑘 , 𝑢𝑘) ∈ 𝛩𝑗          (9) 

Since 𝜃𝑘 is a function of x, different critical region corresponds 
to different state space models. Therefore, the state equation 
is different in different positions of the state space thus defin-
ing a piecewise continuous system representation that is re-
ferred to as a variable structure system [4]. 

2.3 Set Membership Estimation (SME) 
For the variable structure system defined above set mem-

bership estimation can be used to propagate the initial value 
uncertainty 𝓅0  to estimate bounds on concentrations along 
the batch based on few measurements. Set membership esti-
mation is based on set operations, usually including linear 
mapping, projection, translation, Minkowski addition, inter-
section, union, and outer approximation. Multi-Parametric 
Toolbox 3 [5] and bensolve tools [6] are used to preform the 
set operations. By taking the measurements into considera-
tion, post estimate sets of states at different time steps can be 
obtained. Through projections of the obtained sets, the upper 
bounds and lower bounds of states can be determined.  

3. RESULTS AND DISCUSSION. 

 The proposed set membership estimation has been ap-
plied to an E. coli fermentation example for both batch and 
fed-batch operations. To test the multiplicity issue, an artifi-
cial constraint is added into the DFBM of E. coli on purpose. 
Figure 1 presents the results of simulation of batch fermenta-
tion. Assume only volume and biomass concentration are 
measured, the red dash lines are estimated bounds for un-
measured states which also cannot be estimated by classical 
observers. It was concluded that the proposed SME generates 
tight bounds that contain the true plant state denoted by black 
line. Similar results have been obtained for fed-batch opera-
tions. 

 
Figure 1. SME for batch fermentaiton of E.coli. 

 

 
Figure 2. SME for fed-batch fermentaiton of E.coli.. 

4. CONCLUSIONS. 

DFBMs based on WDPM solver can solve the multiplicity 
problem. Multiparametric nonlinear programming is used to 
convert the DFBMs based on WPDM solver into a variable 
structure system. Based on the simplified variable structure 
system, SME can propagate the initial value uncertainty by set 
operations and estimate the bounds of unmeasured states 
given the limited measurements.  
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